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Abstract
For the critical random-cluster model on Z2 with cluster-weight q = 4, we prove

the convergence of loops to CLE(4) in the scaling limit. Conformal invariance of
the four-state Potts model is then deduced via the Edwards–Sokal coupling.

Figure 1: The critical random-cluster model at q = 4. One may view the model as follows: fix a
deterministic boundary loop on the medial lattice of Z2 (a scaled, rotated version of the square lattice),
and sample, uniformly at random, a collection of directed non-intersecting loops inside the domain,
occupying all edges of the medial lattice. In this simulation, we highlighted the eight largest loops (in
terms of enclosed area). Our result asserts that, in the scaling limit, the loops’ law converges to CLE(4).
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1 Introduction

1.1 Motivation

Conformal Field Theory (CFT) has been a cornerstone of theoretical physics in the twen-
tieth century [6, 7]. The introduction of the Schramm–Loewner Evolution (SLE) [45, 33]
and Conformal Loop Ensembles (CLE) [49, 50] (see also [36, 37]), together with major
advances in the mathematical foundations of CFT [17, 44, 28], has profoundly reshaped
our understanding of conformally invariant objects and two-dimensional CFTs.

Despite this progress, rigorous proofs of conformal invariance for lattice models remain
remarkably scarce. Among the principal examples are: Bernoulli site percolation on the
triangular lattice [51, 32, 11, 10] (results range from Cardy’s formula to convergence of
interfaces and loop ensembles toward SLE6 and CLE6); the Ising and FK-Ising models
[52, 13, 29, 12, 14, 8] (major breakthroughs include the analysis of fermionic observables,
energy and spin fields, and convergence toward SLE and CLE with parameters 3 and
16/3); uniform spanning trees [34]; dimer models [30, 31]; and level lines of the discrete
Gaussian free field [46].

More recently, progress towards a more systematic analysis of scaling limits of lattice
models was achieved with the proof of conformal invariance of the six-vertex model for a
continuum of parameters; see [23] for the full-plane result and [2] for the corresponding
result in simply connected domains. In the present paper, we build on [2] to establish
conformal invariance of the random-cluster model with cluster weight q = 4 on the square
lattice, as well as of the associated four-state Potts model. This represents a special case of
the Ashkin-Teller model, which we plan to treat in the subsequent paper [3], generalizing
the arguments in [22, 21].

1.2 Definition of the random-cluster model

Consider a finite subgraph G = (V,E) of Z2. A percolation configuration ω on G is an
element of {0, 1}E. We say that an edge e is open if ω(e) = 1 and that it is closed if
ω(e) = 0. We can see a configuration ω as a subgraph of G with the vertex-set V and the
edge-set {e ∈ E : ω(e) = 1}. A cluster is a connected component of ω (possibly including
isolated vertices).

Definition 1.1. The random cluster measure on G with edge-weight p ∈ (0, 1), cluster-
weight q > 0 and free boundary conditions is given by

φ0
G,p,q[ω] :=

1

Z0(G, p, q)

(
p

1− p

)|ω|
qk(ω),

where |ω| :=
∑

e∈E ω(e), k(ω) is the number of connected components of the graph ω that
intersect V , and Z0(G, p, q) is the partition function making φ0

G,p,q a probability measure.

Consider the dual graph (Z2)∗ := (1
2
, 1
2
) + Z2. Note that every edge e of Z2 has a

dual-edge e∗ of (Z2)∗ crossing it in its middle. For a percolation configuration ω on Z2,
let ω∗ be the configuration on (Z2)∗ defined by the formula ω∗(e∗) = 1 − ω(e) for every
edge e. In words, a dual-edge is open if the corresponding edge of Z2 is closed, and
vice-versa.

Consider now the medial graph (Z2)� of the square lattice obtained by putting a
medial vertex at the middle of each edge of Z2, and medial edges between nearest medial
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Figure 2: Coupling of several models. The random-cluster model is a percolation
model on the square lattice Z2. This simulation has free boundary conditions. The Potts
model is obtained by colouring its clusters uniformly at random with four colours. The
loops live on the medial lattice and separate the primal clusters from the dual clusters
(the dual clusters are not drawn). They are given an orientation by flipping a fair coin
for each loop. Notice that the random-cluster model and the unoriented loops encode
precisely the same information.

vertices. The graph is a rescaled (by a factor 1/
√

2) and rotated (by an angle π/4) version
of the square lattice. For a configuration ω on Z2, there is a unique way to introduce a
loop configuration ω on (Z2)� in such a way that loops are drawn in the medial lattice,
they turn at each medial vertex so that they do not cross any open edge of ω or ω∗, and
all medial edges are part of exactly one loop; see Figure 2.

In what follows, we call discrete domain any subgraph G of Z2 obtained by taking all
the vertices (of Z2) within a loop ` on the medial lattice (Z2)� turning at every vertex,
and all edges (of Z2) between these vertices not crossing the loop `. A discrete domain
can be seen as a union of simply connected open sets of R2 by considering the points
enclosed by the loop1. The boundary ∂G of G is the set of vertices in V that correspond
to (medial) faces of (Z2)� bordering the loop `.

We consider a percolation configuration ω on a finite graph G = (V,E) with free
boundary conditions as a configuration on the whole lattice Z2 by declaring all edges
which are not in E to be closed. As a consequence, we may define ω by considering the
full-plane configuration and then removing all the small loops surrounding vertices which
are not in V . With this definition, the configuration ω is composed entirely of loops.

For more details on the random-cluster model, see e.g. [27, 19].

In this article, we focus on the cluster weight q = 4. In such a case, it has been proved
1The loops are considered as making small roundish turns at every medial vertex (cf. Figure 1).
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that the model undergoes a continuous phase transition at the self-dual point pc = 2/3
[26]. In all that follows, we set p := pc = 2/3.

1.3 Conformal invariance of the random-cluster model at q = 4

The object of interest in the continuum will be the nested Conformal Loop Ensemble
(CLE) with parameter κ equal to 4. We refer to [49, 50] for its definition. Here, we
simply recall that the CLE(4) in a simply connected domain D is a random collection of
nested, non intersecting and non self-crossing continuous loops in D which is conformally
invariant, in the sense that CLE(4) in Ψ(D), where Ψ is a conformal map, is the image
by Ψ of CLE(4) in D .

We say that a family of discrete domains Dδ on δZ2 converges to D in the Carathéodory
sense if there exist conformal bijections fδ : Dδ −→ D and f : D −→ D such that every
compact subset of D is contained in Dδ for all sufficiently small δ, and fδ converges to f
uniformly on every compact subset of D .

Theorem 1.2 (CLE(4) convergence of macroscopic loops (Figure 1)). Consider a simply
connected domain D and let (Dδ) be a family of discrete domains on δZ2 converging to
D in the Carathéodory sense. Let ωδ be the loop configuration obtained from the random-
cluster model on Dδ with cluster-weight q = 4 and edge-weight p = 2/3, with free boundary
conditions. Then, ωδ converges weakly (for the topology induced by the Camia-Newman
distance2) to the CLE(4) in D .

Using the universality result of [24], the theorem extends to every rectangular isoradial
graph. We chose to state it in the case of the square lattice for simplicity. Previous results
concerning the random-cluster model with cluster-weight q = 4 include the derivation of
the critical exponents [15], as well as certain correlations in full plane [16]. Both use the
GFF convergence of [23].

The following corollary, based on our main result combined with mixing properties of
the model, states that the multi-point connectivity correlations are conformally invariant.
The exact expression of these correlations can be obtained in terms of CLE(4) correlations,
but we do not include it here. Below, for a point x ∈ R2, let [x]δ be the vertex of δZ2

closest to x (in case of a tie we choose one of the closest vertices according to an arbitrary
rule).

2For a simply connected domain Ω, let C = C(Ω) be the collection of locally finite families F of
non-self-crossing loops in Ω that do not intersect each other. Define the metric on C,

dCN(F ,F ′) ≤ ε ⇐⇒
( ∀γ ∈ F with γ ⊂ B(0, 1/ε),∃γ′ ∈ F ′, d(γ, γ′) ≤ ε

and similarly when exchanging F ′ and F

)
,

where, for two loops γ1 and γ2, we set

d(γ1, γ2) := inf sup
t∈S1
|γ1(t)− γ2(t)|,

with the infimum running over all continuous one-to-one parametrizations of the loops γ1 and γ2 by S1.
The distance dCN induces a distance on the space of probability measures on C, which we also denote

by dCN: for φ and φ′ two measures on C, let

dCN(φ, φ′) := inf
{
∃ coupling P of φ and φ′ with P[dCN(ω, ω′) > ε] < ε

}
.
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Corollary 1.3 (Conformal invariance of point-to-point correlations). There exists κ(δ)

such that limδ→0
log(κ(δ))
log(1/δ)

= 1/8 and the following holds. Consider a simply connected
domain D and n ≥ 1. For any partition P = P1 t · · · t Ps of {1, . . . , n}, there exists a
map ΨD(P ; ·) such that for every x1, . . . , xn ∈ D ,

lim
δ→0

κ(δ)nφ0
Dδ,2/3,4

[Eδ(P ;x1, . . . , xn)] = ΨD(P ;x1, . . . , xn),

where Eδ(P ;x1, . . . , xn) denotes the event that [xi]δ and [xj]δ are connected in ωδ if and
only if i and j are in the same Pt for some 1 ≤ t ≤ s.

Furthermore, the family of functions (ΨD(P ; ·))D is conformally covariant in the fol-
lowing sense: for every conformal map f : D → C and every x1, . . . , xn ∈ D ,

ΨD(P ;x1, . . . , xn) = |f ′(x1)|1/8 · · · |f ′(xn)|1/8Ψf(D)(P ; f(x1), . . . , f(xn)).

1.4 Conformal invariance of the Potts model

For a finite subgraph G = (V,E) of Z2, attribute a spin variable σx belonging to {1, . . . , q}
to each vertex x ∈ V . A spin configuration σ = (σx : x ∈ V ) ∈ {1, . . . , q}V is given by
the collection of all the spins. Introduce the Hamiltonian of σ defined by

HG(σ) := −
∑
xy∈E

1[σx = σy].

The Gibbs measure on G at inverse temperature β ≥ 0 with free boundary conditions is
defined by the formula

µG,β,q[σ] :=
1

Z(G, β, q)
exp[−βHG(σ)],

for every σ ∈ {1, . . . , q}V , and Z(G, β, q) is the partition function making the previous
measure a probability measure.

This model was introduced as a generalization of the Ising model to more than two
possible spins by Potts in 1952 [42] following a suggestion of his adviser Domb. While the
model received little attention early on, it became an object of great interest in the last
forty years. Since then, mathematicians and physicists have been studying it intensively,
and a lot is known on its rich behavior.

The Potts model with q states is related to the random-cluster model with cluster-
weight q via the Edwards–Sokal coupling ; see e.g. [27, 19]. The Edwards–Sokal coupling
has many applications. Here, we mention the simplest statement, and leave more evolved
statements to the reader. Below, we focus on the case q = 4. It is easy to deduce from
the critical point of the random-cluster model that the 4-state Potts model undergoes a
continuous phase transition at βc = log(3). Recall that κ(δ) is given by Corollary 1.3 and
satisfies limδ→0

log(κ(δ))
log(1/δ)

= 1/8.

Corollary 1.4. Consider a simply connected domain D . Fix a tuple of spins τ ∈
{1, . . . , q}n. There exists Ψ̃D(τ ; ·) such that for every x1, . . . , xn ∈ D ,

lim
δ→0

κ(δ)nµDδ,βc,4

[
n∏
i=1

(
1[σ[xi]δ = τi]− 1

4

)]
= Ψ̃D(τ ;x1, . . . , xn).

Furthermore, the family of functions (ΨD(P ; ·))D is conformally covariant in the following
sense: for every conformal map f : D → C and every x1, . . . , xn ∈ D ,

Ψ̃D(P ;x1, . . . , xn) = |f ′(x1)|1/8 · · · |f ′(xn)|1/8Ψ̃f(D)(P ; f(x1), . . . , f(xn)).
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Figure 3: The six-vertex configuration is obtained from the oriented loops by “forget-
ting” the way that the oriented edges are wired up into loops; see Figure 2 for the same
simulation with the orientations.

2 Proof of Theorem 1.2
The proof relies on a coupling between the random-cluster model and the height function
of the six-vertex model. We start by defining the six-vertex model. Then, we recall the
convergence result obtained in [2]. Finally, we prove our result.

2.1 The six-vertex model

The six-vertex model is a probability measure on orientations of the edges of a graph
[4, 35]. A six-vertex configuration ω× on a subgraph of the medial lattice (Z2)� assigns
an orientation to each edge, subject to the ice rule: at every vertex of degree four, the
number of incoming edges equals the number of outgoing edges. In particular, there are
precisely six local arrow configurations compatible with this constraint, as depicted in
Figure 4. The six local configurations are grouped into three pairs, to which we assign
positive weights a, b, and c, referred to below as Boltzmann weights.

The six-vertex model is often considered with periodic boundary conditions. In this
paper, however, we work exclusively in finite domains with fixed boundary conditions.
For a discrete domain G, let G� be the collection F of faces of (δZ2)� which are enclosed
by the medial loop defining the boundary of G. Note that the degree of vertices in G� is
two or four.

Every six-vertex configuration ω× onG� naturally gives rise to an integer-valued height
function h defined on F . It is piecewise constant on each face and its increments between
neighboring faces are determined by the orientation of the edge separating them: when
crossing an edge of ω×, the height increases by 1 if the crossed arrow points to the right
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1 2 3 4 5 6

Figure 4: The six possible local arrow configurations around a square lattice vertex of the
six-vertex model. These local configurations get the weights a, a, b, b, c, c respectively.
The c-type vertices are special; they correspond to saddle points of the height function.

and decreases by 1 otherwise.
The ice rule ensures that these local increments are compatible around every vertex

and can therefore be integrated to define a height function on F . The height function
is determined only up to a global additive constant, whereas its gradient is uniquely
determined by ω×. Conversely, the arrow configuration can be recovered from the height
increments between neighboring faces. Thus, modulo an additive constant, the height
function and the six-vertex configuration encode the same information.

Consider a discrete domain G and recall the definition of ∂G, i.e. the vertices of Z2

(and therefore the associated medial faces) that are adjacent to the medial loop defining
the boundary of G. The six-vertex measure on G� with Dirichlet boundary condition 0
is defined by

P0
G,a,b,c[ω

×] :=
1

Z0
G,a,b,c

aN1+N2bN3+N4cN5+N61h|∂G=0, (1)

where Ni = Ni(ω
×) denotes the number of degree-four vertices whose local arrow con-

figuration is of type i. The normalizing constant Z0
G,a,b,c is the corresponding partition

function, chosen so that (1) defines a probability measure.

Below, we restrict to the parameters a = b = 1 and c = 2.

2.2 Scaling limit of the six-vertex height function

Consider a simply connected domain D . Let GD : D2(D) := {(u, v) ∈ D2 : u 6= v} −→ R
denote the Dirichlet Green function in D defined as follows: for each fixed y ∈ D , the
function x 7→ GD(x, y) is harmonic on D \{y}, vanishes as x approaches ∂D , and satisfies

GD(x, y) = − 1

2π
log |x− y|+O(1) as x→ y.

By a finite-Dirichlet-energy generalized test function we mean a finite signed measure
ϕ supported in D such that∫∫

D×D

GD(u, v) dϕ(u) dϕ(v) <∞.

The Gaussian Free Field (GFF) is a centered Gaussian generalized function Γ with covari-
ance kernel GD ; see [9, 48]. More precisely, it is a random distribution, in the sense that
it can be tested against a finite-Dirichlet-energy generalized test function ϕ by setting

〈Γ, ϕ〉 :=

∫
D

Γ(u)dϕ(u).

Then, for every finite family ϕ = (ϕ1, . . . , ϕn) of finite-Dirichlet-energy generalized test
functions, (

〈Γ, ϕi〉
)n
i=1
∼ N

(
0,Σ(ϕ)

)
,
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where Σ(ϕ) is the n× n matrix defined by

Σ(ϕ)ij :=

∫∫
D×D

GD(u, v) dϕi(u) dϕj(v).

The following convergence result for the six-vertex height function was obtained in [2]
and is the basis of our proof.

Theorem 2.1 (GFF convergence of the six-vertex height function [2]). Consider the six-
vertex model with weights a = b = 1 and c = 2. Let D be a simply connected domain.
For a family (Dδ) of discrete domains converging to D in the Carathéodory sense, the law
of the height function hδ ∼ P0

D�δ ,1,1,2
of the six-vertex model associated with ω ∼ φ0

Dδ,2/3,4
,

converges to the GFF σ · Γ with zero boundary conditions on D , and variance σ2 = 2
π
.

2.3 The Baxter–Kelland–Wu correspondence

There is a formal correspondence, called the Baxter–Kelland–Wu (BKW) correspondence,
between the loop configurations and the arrow configurations. We refer to [5] or the more
recent expositions [18, 20, 1] for details. In the case of a = b = 1 and c = 2, it is a
probabilistic coupling between the six-vertex model and the random-cluster model, that
we now state.

Consider a discrete domain G. Consider the uniform measure ~PG on oriented loop
configurations ~ω on G�, i.e. loop configurations ω for which each loop receives an orien-
tation, clockwise or counterclockwise. Then, the BKW coupling states the following two
observations.

• If π denotes the projection from oriented loop configurations to loop configurations
consisting in forgetting orientations of loops, then

φ0
G,2/3,4 = π∗~PG.

(See Figure 2.)

• If ~π denotes the projection from oriented loop configurations to arrow configura-
tions consisting in forgetting the loops and simply keeping the orientations of edges
induced by the orientations of the loops3, and setting the height function to be zero
on ∂G, then

P0
G,1,1,2 = ~π∗~PG.

(See Figure 3.)

2.4 Proof of Theorem 1.2

The next lemma states a natural decomposition coming from the coupling between the
height function and the loop configuration.

3Note that when considering the BKW coupling starting from a configuration ω ∼ φ0G,2/3,4, the
corresponding boundary conditions of the six-vertex height function are constant in the following sense:
the height function restricted to medial faces corresponding to vertices of ∂G, is constant.
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Figure 5: A discrete version of the two-valued local set of Lemma 2.2: The
decomposition is obtained by exploring the outermost loops in the domain. The orienta-
tions of the loops are independent fair coin flips. By the Markov property, the law inside
each loop is given by an independent copy of the height function with zero boundary
conditions, plus the coin flip coming from the orientation of that loop.
—In the proof of Theorem 1.2, we argue that this discrete decomposition commutes with
the scaling limit and yields the appropriate two-valued local set of the GFF σ · Γ, which
enables us to identify the scaling limit of the outermost loops as CLE(4).

Lemma 2.2 (Discrete two-valued local set (cf. Figure 5)). Consider a discrete domain
G, and let hG be the six-vertex height function in G with zero boundary conditions and
variance σ2 = 2

π
, let L = L (ω) be the collection of exterior-most loops in ω, and let

D(`) be the discrete domain obtained by considering all the medial faces fully enclosed by
`. We have the following identity in law:

hG =
∑

`∈L (ω)

(
ξ`1D(`) + hD(`)

)
, (2)

where the ξ` are iid ±1 Bernoulli variables, and the hD(`) are independent copies of the
six-vertex height function in D(`) with zero boundary conditions.

Proof. The decomposition is immediate by the BKW coupling. The variable ξ` is equal
to +1 if the loop ` is oriented counterclockwise, and −1 if it is oriented clockwise.

Let us remark that in Lemma 2.2, the jumps of the height function from one side of
the loop to another are equal to ±1. In the corresponding GFF limit, the jumps of the
GFF σ ·Γ when traversing a loop of the CLE(4) are ±σ · 2

√
π
8

= ±1 [46], so this discrete
decomposition has an exact continuum counterpart. We are now in a position to prove
Theorem 1.2.

Proof of Theorem 1.2. It was proved in [47] that there is a unique thin local set with the
property that the GFF σ ·Γ has boundary values ±1 on the boundary of each connected

9



component of the complement of the local set. Moreover, this thin local set is precisely
the collection of outermost loops of a CLE(4). Below, we argue that the decomposition
obtained in Lemma 2.2 commutes with the limit, and yields precisely this thin local set.
This proves that the limit of the law of the outermost discrete loops is precisely CLE(4).

We start by studying the scaling limit of exterior-most loops. RSW theory [26] implies
precompactness of the family of loops. Thanks to this precompactness, it suffices to show
that any sub-sequential limit L of the family of loops L (ωδ) is equal to the exterior-most
loops of a CLE(4). Consider such a sub-sequential limit L . Let A be the “gasket” of
the loops in L , meaning the closure of the connected component in D \ ∪`∈L ` of ∂D .

First, note that A is thin. Indeed, standard RSW estimates [26] imply that for a ball
of size ε > 0 at distance r > ε of ∂D to be contained in A , there should be no loop in L
surrounding it. This occurs with probability (ε/r)c for some constant c > 0. The proof
of thinness then follows from the same computation as in the proof of [21, Lemma 6.10].

Second, we claim that A is a local set in the sense of [47]. Indeed, by the Skorokhod
representation theorem assume that the ωδ are coupled so that the L (ωδ) converge almost
surely to L . Using precompactness for the height function seen as a random distribution,
we may extract a sub-sequential limit in which hDδ and (hD(`δ) : `δ ∈ L (ωδ)) converge
almost surely to hD and (hD(`) : ` ∈ L ), in the sense that for all loops ` ∈ L , if a
sequence of loops `δ of L (ωδ) converges to `, then hD(`δ) converges to hD(`) (in the sense
of Theorem 2.1). From (2), we deduce the following identity in law

hD =
∑
`∈L

(
ξ`1D(`) + hD(`)

)
.

As a consequence, A is indeed a local set. Note that we use uniform thinness (as δ tends
to zero) of the gaskets of L (ωδ) (which is obtained by RSW theory [26] in the same way
as for L ) to justify that small loops in L (ωδ) (i.e. loops of size o(1)) do not contribute
in the limit.

Third, we identify the values of the field on the boundary of A . Inside each component
of A c, the limit height function is a GFF with boundary conditions ξ` ∈ {−1,+1}, where
` is the loop tracing out the boundary of this component. Note that we do not claim that
the boundary conditions in each such component are i.i.d. since one loop ` can a priori
carve multiple components if it touches itself, but it will suffice for us that the boundary
conditions are either −1 or +1.

By the jump calculation preceding the proof and the characterization above, it follows
that L is the set of exterior most loops of CLE(4); see [47].

The nested result readily follows by the Markov property and precompactness.

3 Proof of the corollaries
Proof of Corollary 1.3. Consider a simply connected domain D and n ≥ 1. For any
partition P = P1 t · · · tPs of {1, . . . , n}, for every x1, . . . , xn ∈ D and ε > 0, the CLE(4)
convergence implies that

lim
δ→0

φ0
Dδ,2/3,4

[E ε
δ (P ;x1, . . . , xn)] = PCLE(4)(E

ε(P ;x1, . . . , xn)),

where E ε
δ (P ;x1, . . . , xn) denotes the event that the Euclidean balls of size ε around xi

and xj are connected in ωδ (resp. the complement of loops in CLE(4)) if and only if i and
j are in the same Pt.
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The mixing property [15] implies that for every η > 0, there exists ε > 0 such that∣∣∣φ0
Dδ,2/3,4

[Eδ(P ;x1, . . . , xn)]− φ0
δZ2,2/3,4[0↔∞|Bε ↔∞]nφ0

Dδ,2/3,4
[E ε
δ (P ;x1, . . . , xn)]

∣∣∣ ≤ η.

Above, we used the measure φ0
δZ2,2/3,4[·|Bε ↔∞] which is the limit (as R tends to infinity)

of the measures conditioned on the Euclidean ball of size ε around 0 being connected to
the Euclidean ball of size R around 0. The result then follows by choosing a sequence
(εδ) slowly tending to zero as δ tends to zero, and then setting

κ(δ) := ε
−1/8
δ φ0

δZ2,2/3,4[0↔∞|Bεδ ↔∞]

and
ΨD(P ;x1, . . . , xn) := lim

ε→0
ε−n/8PCLE(4)(E

ε(P ;x1, . . . , xn)).

The asymptotics of κ(δ) are due to [15, Theorem 1.2]. The conformal covariance follows
easily from properties of CLE(4).

Proof of Corollary 1.4. This is a direct consequence of the Edwards–Sokal coupling and
Corollary 1.3.

AI use statement. No mathematical content was generated or found with the assis-
tance of artificial intelligence.
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