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Abstract. In this paper, we show that the height function of the six-vertex model in
simply connected domains with piecewise constant boundary conditions converges to
the Gaussian Free Field (GFF) with Dirichlet boundary conditions. This implies the
conformal invariance of the scaling limit of the model.

The argument relies on the full plane GFF convergence combined with Reflexion
Positivity and qualitative estimates. The proof works for a wide range of spectral
parameters ∆ (among which ∆ close to 0, and between −1 and −1/2) making this paper
the first instance of a conformal invariance result for a continuum of models. The paper
has consequences for other models, including the FK percolation with cluster-weight
q = 4 and the Ashkin-Teller model, which we will pursue in future work.
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1. Introduction
1.1. Motivation

For more than fifty years, it has been conjectured that the large-scale behaviour of lattice
models undergoing a continuous phase transition is described by quantum field theories
that are invariant under conformal transformations; see, for instance, the early works of
Patashinskii and Pokrovskii [50], followed by those of Polyakov [51, 52, 53]. Such quantum
field theories are known as Conformal Field Theories (CFTs), and their enhanced symmetry
makes them particularly amenable to analysis. In two dimensions, the conformal symmetry
is infinite-dimensional, and this abundance of local symmetries renders many planar CFTs
integrable, as revealed in the seminal work of Belavin, Polyakov, and Zamolodchikov [6, 7].
This observation led to a remarkably detailed understanding of two-dimensional CFTs and,
in turn, to a wealth of predictions for the critical behaviour of lattice models.

The physical predictions associated with these models suggest a path toward a compre-
hensive mathematical understanding of phase transitions in two-dimensional lattice models.
The program consists of two steps: first, to study the corresponding CFTs and extract, at
the continuum level, all the relevant information; second, to prove that the original lattice
models are indeed conformally invariant in the scaling limit.

The first step has been particularly successful. It is fair to say that the mathematical
understanding of CFT is now well underway, with spectacular progress having been made
in recent decades. The introduction of the Schramm-Loewner Evolution [56, 43] and
the Conformal Loop Ensembles [60, 61] (see also [48, 49]), as well as advances in the
mathematical foundations of CFT [18, 55, 37] have reshaped the field of 2D statistical
physics over the past thirty years.

By contrast, every advance toward the second step has been the result of a hard-fought
battle. Proofs of conformal invariance remain confined to a handful of specific models.
These include site Bernoulli percolation on the triangular lattice [62, 42, 11, 10], with
results ranging from Cardy’s formula to convergence toward SLE(6) and CLE(6); the Ising
and FK-Ising models [63, 14, 38, 13, 15, 8], where major advances include the analysis of
fermionic observables, the energy and spin fields, and convergence to SLE and CLE with
parameters 3 and 16/3; uniform spanning trees [44]; dimer models [40, 41]; and level lines
of the discrete Gaussian free field [57].

The present paper aims to change this picture. We provide the first proof of conformal
invariance for a broad class of models, namely the height function of the six-vertex model
with spectral parameter ∆ ranging over whole intervals of possible values. In addition to
this, this result opens the way toward establishing conformal invariance for other important
families of lattice models, including the Ashkin-Teller model and the Potts model.

The proof follows a strategy pioneered by Kenyon in his work on dimers [40, 41]: one
identifies suitable observables associated with the height function and shows that they solve
a discrete analogue of an appropriate boundary value problem. In [40], correlations of the
height gradient were shown to be discrete holomorphic and to satisfy suitable boundary
conditions. Then, the scaling limit is identified as the solution to the corresponding boundary
value problem in the continuum. The same strategy has subsequently been successfully
implemented in [62, 63, 14, 44, 57] for other models. In the present setting, we prove that
multi-point correlations of the height function of the six-vertex model are approximately
pre-harmonic and we determine their behaviour near the boundary. This enables us to pass
to the limit as the lattice mesh tends to zero and thereby identify the scaling limit of the
multi-point correlations of the height function.

The proof of approximate harmonicity relies on a new argument based on the reflection
positivity (RP) of the model. More precisely, RP implies analyticity properties and a
Cauchy-Schwarz inequality that can be used to transfer the approximate harmonicity of
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Figure 1. The six possible local arrow configurations around a degree-four
vertex of the six-vertex model, together with their corresponding weights.

full-plane correlations established in [23] to correlations in simply connected domains. In
this sense, our result builds crucially on [23] and on the body of work leading up to it.

Interestingly, the paper fits the framework imagined by physicists consisting in first
proving translation, rotation and scale invariance before deriving conformal invariance.
Indeed, translation invariance was trivial, rotation invariance was obtained in [1, 25], the
scaling limit in the full plane (which happens to be scale invariant) was derived in [23],
and finally conformal invariance is obtained in this paper. For the height function of the
six-vertex model, the present work can therefore be viewed as the final step in this program.

Let us conclude by mentioning that the approximate harmonicity result is particularly
robust and, as discussed at the end of this introduction, is expected to have applications
beyond the results established here. From a broader perspective, this paper provides a
stepping stone toward establishing conformal invariance for other lattice models.

1.2. Definition of the six-vertex model on discrete graphs
The six-vertex model is a probability measure on orientations of the edges of a graph

[4, 45]. A six-vertex configuration ω× on a subgraph of the square lattice assigns an
orientation to each edge, subject to the ice rule: at every vertex of degree four, the number
of incoming edges equals the number of outgoing edges. In particular, there are precisely
six local arrow configurations compatible with this constraint, as depicted in Figure 1. The
six local configurations are grouped into three pairs, to which we assign positive weights a,
b, and c, referred to below as Boltzmann weights. We also introduce the spectral parameter

∆ = ∆(a,b, c) :=
a2 + b2 − c2

2ab
. (1)

Configurations in finite domains. While the six-vertex model is often considered with
periodic boundary conditions, in this paper we work in finite domains. Let F be a collection
of faces of Z2 which is connected (here two faces are neighbours if they share a side) and
whose complement is connected. We associate with F the graph G = (V,E) whose edge-set
E is composed of edges separating two neighbouring faces of F , and whose vertex-set V is
made of the endpoints of these edges. The resulting graph has vertices of degree one, two,
or four. A six-vertex configuration on G is an orientation of edges in E satisfying the ice
rule at every vertex of V of degree four.

From now on, we only consider a graph G obtained from a collection of faces F of the
square lattice1 which is connected and whose complement is connected, as explained in the
previous paragraph. We call this a simply connected discrete domain.

Note that the set of faces of G is not F . More precisely, except for the exterior face of G,
the other faces are indeed in F , but not all faces in F are faces in G. We denote by ∂G the
set of faces of F that are not faces in G. It coincides with the collection of faces in F that
are adjacent to at least one face of the square lattice outside F .

1Or as we will see below, of a rescaled version of the square lattice.
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Figure 2. A six-vertex configuration ω× and its associated height function.

The height function of the six-vertex model. Every six-vertex configuration ω× on
G naturally gives rise to an integer-valued height function h defined on F . It is piecewise
constant on each face2 and its increments between neighbouring faces are determined by the
orientation of the edge separating them: when crossing an edge of ω×, the height increases
by 1 if the crossed arrow points to the right and decreases by 1 otherwise.

The ice rule ensures that these local increments are compatible around every vertex
and can therefore be integrated to define a height function on F . The height function is
determined only up to a global additive constant, whereas its gradient is uniquely determined
by ω×. Conversely, the arrow configuration can be recovered from the height increments
between neighbouring faces. Thus, modulo an additive constant, the height function and
the six-vertex configuration encode the same information.

Six-vertex measure with Dirichlet boundary conditions. Let ζ be a height function
prescribed on ∂G. The six-vertex measure on G with Dirichlet boundary condition ζ is
defined by

PζG,a,b,c[ω×] :=
1

ZζG,a,b,c
aN1+N2bN3+N4cN5+N61h|∂G=ζ , (2)

where Ni = Ni(ω
×) denotes the number of degree-four vertices whose local arrow configura-

tion is of type i. The normalising constant ZζG,a,b,c is the corresponding partition function,
chosen so that (2) defines a probability measure.

We emphasise that only degree-four vertices contribute to the Boltzmann weight. At
such vertices, the ice rule restricts the local configuration to one of the six types displayed
in Figure 1.

1.3. Basics on the Gaussian Free Field
We now turn to the description of the object that will ultimately arise as the scaling

limit. There are several equivalent ways to view the GFF, depending on the regularity one
wishes to impose on the field. For further background on the GFF, we refer to [59, 9]. Let
D ⊂ R2 be a domain, that is, a non-empty connected open set. For n ≥ 1, let

Dn(D) :=
{

(u1, . . . , un) ∈ Dn : ui 6= uj for all i 6= j
}
. (3)

2Strictly speaking, this may assign two different values to an edge of G, and possibly as many as four
different values to a vertex of G. We disregard this minor ambiguity, since it has no effect on the results
below. It could, for instance, be resolved by fixing in advance any deterministic rule for selecting a value at
these exceptional points.
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We begin with the GFF with zero boundary conditions. Let GD : D2(D) −→ R denote
the Dirichlet Green function in D. Thus, for each fixed y ∈ D, the function x 7→ GD(x, y)
is harmonic on D \ {y}, vanishes as x approaches ∂D, and satisfies

GD(x, y) = − 1

2π
log |x− y|+O(1) as x→ y. (4)

Equivalently, GD is symmetric and satisfies these properties in either coordinate.
By a finite-Dirichlet-energy generalised test function we mean a finite signed measure ϕ

supported in D such that ∫∫
D×D

GD(u, v) dϕ(u) dϕ(v) <∞. (5)

The GFF is a random distribution, in the sense that it can be tested against a finite-
Dirichlet-energy generalised test function ϕ. We set

〈Γ, ϕ〉 :=

∫
D

Γ(u)dϕ(u). (6)

Definition 1.1 (GFF with zero boundary conditions). The zero-boundary GFF ΓD can then
be characterised as follows: for every finite family ϕ = (ϕ1, . . . , ϕn) of finite-Dirichlet-energy
generalised test functions, define the n× n matrix Σ(ϕ) by

Σ(ϕ)ij :=

∫∫
D×D

GD(u, v) dϕi(u) dϕj(v). (7)

Then (
〈ΓD, ϕi〉

)n
i=1
∼ N

(
0,Σ(ϕ)

)
. (8)

This specifies the law of Γ as a centred Gaussian generalised function with covariance kernel
GD.

Away from the diagonals, the multipoint correlation functions of the zero-boundary GFF
are given by Wick’s formula. Namely,

Ψn : Dn(D) −→ R, (u1, . . . , un) 7−→
∑
π

∏
{i,j}∈π

GD(ui, uj), (9)

where the sum runs over all pairings π of {1, . . . , n}, that is, over all partitions of {1, . . . , n}
into sets of cardinality two. In particular, Ψn ≡ 0 whenever n is odd, since in that case no
such pairing exists.

More generally, the GFF in D with boundary conditions ζ and variance σ2, denoted by
ΓD,ζ,σ

2 , is obtained by setting

ΓD,ζ,σ
2

:= σΓD +Hζ , (10)

where Hζ denotes the harmonic extension of ζ to D. Here and throughout, we implicitly
assume that ζ admits a harmonic extension to D that extends continuously to ∂D with
boundary values ζ. Note that 〈ΓD,ζ,σ2

, ϕ〉 is a multivariate Gaussian random variable with
averages given by 〈Hζ , ϕ〉 := (〈Hζ , ϕi〉)1≤i≤n and variance σ2Σ(ϕ).

Proposition 1.2 (Conformal invariance of the GFF). The family of Gaussian free fields
with Dirichlet boundary conditions is conformally invariant in the following sense. Let
f : D → D′ be a conformal bijection, and let ζ be a continuous function on ∂D. Then the
push-forward under f of the GFF in D with boundary conditions ζ has the same law as the
GFF in D′ with boundary conditions ζ ◦ f−1.
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1.4. Main results of the paper
This article applies to a certain range of triples (a,b, c), subject to several restrictions.

The first, and most immediate, was already alluded to above. When ∆ < −1, the height
function of the six-vertex model is localised, as proved in [21, 54, 35], whereas it is expected
to be delocalised for ∆ ∈ [−1, 1) (this is proved in some special cases [12, 35, 46, 22, 34]).
We therefore restrict our attention to triples (a,b, c) for which ∆ ∈ [−1, 1).

As explained later, we require that a = b as we are currently unable to derive the proper
RSW theorems for anisotropic models. We do expect that this independent question can
be addressed, which would enable us to generalise our result. In this paper, we nevertheless
restrict our attention to the case a = b and assume without loss of generality that they
are equal to 1. Below, we index the model by the parameter ∆, which is in one-to-one
correspondence with c, the only remaining free parameter once a and b are fixed at 1. We
say that the model is isotropic.

A third restriction on the range of parameters arises from our use of positive association
for the so-called spin representation of the six-vertex model (see below). This requires us
to assume that c ≥ 1, i.e. ∆ ≤ 1/2.

The fourth restriction is more delicate. We require that the scaling limit of the full-plane
six-vertex height function be a Gaussian Free Field (GFF). More precisely, let EδZ2 denote
the unique flip-symmetric Gibbs measure of the six-vertex model (see [23] for the definition).
Under this measure, a six-vertex height function h can be defined up to an additive constant.
We say that the scaling limit of the six-vertex height function (of spectral parameter ∆) is
the GFF if, for every collection of distinct points u1, u

′
1, . . . , un, u

′
n ∈ R2,

EδZ2

[
(h(u1)− h(u′1)) · · · (h(un)− h(u′n))

]
converges, as δ tends to zero, to the corresponding multi-point correlations of the full-plane
GFF with variance

σ2 =
2

arccos ∆
.

Such a convergence result has been established in [23] for every ∆ ∈ [−1,−1/2], and in
[33]3 for ∆ ∈ [−∆0,∆0], where ∆0 > 0 is a sufficiently small constant.

It is noted in [23] that the range of parameters for which full-plane GFF convergence
could be established is potentially considerably larger, essentially the only missing ingredient
being a rotational-invariance result analogous to that of [1]. In view of this, we state the
main results of this paper in the following general setting.

Let

ICI = {∆ ≤ 1/2 : the full-plane 6V height function’s scaling limit is the GFF}. (11)

As explained above, (−1,−1/2] ∪ [−∆0,∆0] ⊂ ICI (where ∆0 is as in [33]).

1.4.1. Harmonicity of the multi-point correlations of the isotropic six-vertex model
The first result, which represents the core of our paper, states that multi-point correlations

are approximately pre-harmonic (in the sense that the circle averages around a point are
close to the value at the point) in each coordinate.

To state our result, introduce, for a reasonable function F on R2, z ∈ R2, and r > 0, the
Laplacian

∆rF (z) := F (z)−
∮
∂Br(z)

F (v)dv, (12)

3In [33], convergence to the full-plane GFF is established, but the variance of the limiting GFF is not
identified explicitly. Nevertheless, since the limiting correlations are rotationally invariant, independently of
the value of σ2, one may use the main result of [23] to identify the variance.
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where
∮

means the average on the circle. Except if otherwise stated, we always think of ∆r

as acting on the function following it with z as the variable. Recall that we are consider
the model with a = b = 1.

Theorem 1.3 (scaling limit of the isotropic six-vertex model). For every K,R, r, ε, n > 0,
there exists δ0 = δ0(K,R, r, ε, n) > 0 such that for every ∆ ∈ ICI, the following holds true.
For every δ ∈ (0, δ0), every simply connected subgraph G of δZ2 with ΛR 6⊂ G, every n faces
z, u2, . . . , un ∈ G ∩ ΛR at a distance at least 1 from ∂G, and a distance between 1 and K
from each other, and any boundary conditions ζ on ∂G satisfying sup{|ζ(u)| : u ∈ ∂G} ≤ K,
we have ∣∣∆rEζG[h(z)h(u2) . . . h(un)]

∣∣ ≤ ε. (13)

Note that the notion of “approximate harmonicity” used here does not live at the scale
δ of the original graph, but rather at the macroscopic scale. This differs from exact
pre-harmonicity or pre-holomorphicity obtained in [40, 41, 63, 14].

The approximate harmonicity result is quite robust. More generally, it can be used to
establish harmonicity (in the variable z) of certain observables whenever one can explore
an annulus around z and “discover” a path of heights with uniformly bounded variation. In
particular, the argument should extend to cylindrical and toroidal geometries, as well as
to more general boundary conditions, provided that these do not substantially alter the
qualitative behaviour of the model.

1.4.2. Carathéodory convergence
From now on, the results involve certain approximations (on the lattice δZ2) of a domain

D. We therefore discuss this in more detail now.
Our aim is to approximate a simply connected domain D ⊂ R2, possibly together with

marked boundary points a(1), . . . , a(k) ∈ ∂D, listed in clockwise order (below, consider the
case of no marked point as k = 0). Although our results apply in a more general setting, we
restrict ourselves to simply connected domains in order to avoid unnecessary technicalities.

Our proof is compatible with a wide variety of discrete approximations, but we adopt the
following setup for definiteness. We consider simply connected discrete domains defined as
follows. They are subgraphs Dδ of δZ2 obtained as follows: consider an edge-self-avoiding
non-self-crossing polygon, which we denote ∂Dδ. To simplify the discussion below, we
consider that when the polygon turns, the turns are infinitesimally roundish. Then, Dδ is
the set of medial faces enclosed by ∂Dδ.

Let Dδ be simply connected discrete domains, viewed as unions of faces of δZ2, and let
a

(1)
δ , . . . , a

(k)
δ be marked boundary vertices (of the graph associated with this set of faces,

see the definitions above) that lie on the boundary of Dδ, seen as a domain of R2.
We say that (Dδ; a

(1)
δ , . . . , a

(k)
δ ) converges to (D; a(1), . . . , a(k)) in the Carathéodory sense

if there exist conformal bijections

fδ : Dδ −→ D and f : D −→ D (14)

such that every compact subset of D is contained in Dδ for all sufficiently small δ, fδ
converges to f uniformly on every compact subset of D, and such that

fδ(a
(j)
δ ) −→ f(a(j)) for every j = 1, . . . , k. (15)

Here, the conformal maps are understood to be continuously extended to the marked
boundary points (which are considered as prime ends in the case of D).

1.4.3. Convergence of the height function in piecewise even/odd domains

Recall that Theorem 1.3 implies that EζG[h(z)] is approximately harmonic on large graphs.
Consequently, any subsequential limit, along a sequence for which the functions EζδDδ [hδ(·)]
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converge uniformly on compact sets, is harmonic. In particular, for suitable choices of Dδ
and ζδ, if one can establish convergence of the expected height function near the boundary,
then one can obtain convergence of the six-vertex height function throughout the domain.
This can be achieved in certain cases. We mention one here, which is important both for
the six-vertex model and for related models, such as the Ashkin-Teller model.

Fix a chessboard colouring, in black and white, of the vertices of δZ2. A simply
connected discrete domain Dδ is called piecewise even/odd if there exist medial edges
a

(0)
δ , . . . , a

(k)
δ = a

(0)
δ partitioning ∂Dδ into arcs (a

(i)
δ a

(i+1)
δ ), such that every face of Dδ

adjacent to the arc (a
(i)
δ a

(i+1)
δ ) is black when i is even and white when i is odd.

We say that boundary conditions ζδ on Dδ are piecewise constant if ζδ is constant on the
faces bordering each boundary arc (a

(i)
δ a

(i+1)
δ ), for 1 ≤ i ≤ k. We denote by ζδ(i) the value

of ζδ on the arc (a
(i)
δ a

(i+1)
δ ). Notice that the boundary values on two consecutive arcs differ

by ±1.
We are now in a position to state the following theorem, which states the convergence of

hδ in this context.

Theorem 1.4 (Scaling limit in even domains). Let ∆ ∈ ICI. Let D be a simply connected
domain and let ζ be a piecewise constant boundary function whose jumps, occurring at marked
boundary points a(1), . . . , a(k), are all equal to ±1. Let ζ(i) be the value on (a(i), a(i+1)).

Consider piecewise even/odd simply connected discrete domains (Dδ, a
(1)
δ , . . . , a

(k)
δ ) on

δZ2 converging to (D, a(1), . . . , a(k)) in the Carathéodory sense, and ζδ piecewise constant
boundary conditions ζ(i) on faces adjacent to the arcs (a

(i)
δ a

(i+1)
δ ).

Then, hδ on Dδ converges, as δ tends to zero, to the GFF on D with boundary conditions
ζ and variance

σ2 =
2

arccos ∆
. (16)

More precisely, for any n ≥ 1, the n-point correlations of hδ converge, as δ tends to zero,
uniformly on compact subsets of Dn(D) to the n-point correlations of the corresponding
GFF. Furthermore, for any family ϕ = (ϕ1, . . . , ϕn) of finite Dirichlet energy generalised
test functions, the law of (〈hδ, ϕi〉)i converges weakly to N ((〈Hζ , ϕi〉)i, σ2Σ(ϕ)) as δ tends
to zero.

For the six-vertex model on a piecewise even/odd domain Dδ, every vertex of ∂Dδ which
is not one of the a(i)

δ has degree two. Such vertices therefore carry no non-trivial Boltzmann
weight. Even domains with piecewise constant boundary conditions arise naturally when
exploring the so-called percolation representation of the six-vertex model, which we introduce
in Section 3. It is also natural to ask what happens when one explores level lines of the
six-vertex model, or interfaces arising from FK percolation. In these settings, the boundary
conditions are constant, but non-trivial weights may be associated with the degree-two
boundary vertices.

1.5. Discussion
1.5.1. Generalisations of our result

One may wonder why we restrict ourselves to piecewise even/odd simply connected dis-
crete domains and to the associated piecewise boundary conditions. Several generalisations
are conceivable.

Simple connectedness is not essential per se. The main point that would need to be
adapted is the notion of Carathéodory convergence, which can be extended to this setting
without substantial difficulty. One can also extend the harmonicity result and the GFF
convergence to the cylinder, see [24] for details. A generalisation to the torus also appears
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within reach, but it raises the problem of estimating the leading eigenvalues of the first
blocks of the so-called transfer matrix and therefore relies on delicate results from the Bethe
Ansatz [26].

The case a 6= b is probably reachable under the constraint that a,b < c. In this case,
one still benefits from an FKG inequality for the absolute value of the height function,
which is a core ingredient in our proof. The additional difficulty compared to the isotropic
case a = b = 1 comes from the fact that we do not currently know the relevant RSW
estimates. Still, these estimates seem within reach. Assuming such qualitative estimates,
one can derive the conformal invariance once the lattice Z2 is embedded in such a way that
each square becomes a rhombus with a given angle α depending on a,b, c; see [23] for more
details.

As for the boundary conditions, Theorem 1.3 shows that multi-point correlations are
harmonic in each coordinate, provided that the boundary conditions remain bounded. The
main difficulty in deriving a convergence result for general such boundary conditions is
twofold.

First, one needs to understand the behaviour of the mean height function, that is,
the one-point correlation. This can be achieved for certain specific classes of boundary
conditions. For instance, one may allow several of the points a(i)

δ to converge to the same
point in the scaling limit, while keeping k fixed. Another possibility is to consider domains
whose boundaries consist of horizontal and vertical segments, with boundary conditions
alternating between two values along boundary arcs of macroscopic length.

Second, one would need to estimate the boundary conditions of multi-point correlations,
i.e. the behaviour of the correlations when one of the points approaches the boundary. In
order to prove this result, one should extend the boundary mixing result Proposition 9.1.
While this can probably be done, this requires a new argument.

Notice that the preceding two points are independent. Even when the limit of the
expected height cannot be identified, once boundary mixing has been established, one
may still centre the height function hδ by subtracting its expectation, namely by setting
h̃δ(x) = hδ(x)− EζDδ [hδ(x)]. The centred height function h̃δ then has the GFF in D with
zero boundary conditions as its scaling limit.

1.5.2. Conformal invariance of other lattice models
The conformal invariance of the six-vertex height function established above has direct

applications to several other lattice models.
First, through the Baxter-Kelland-Wu (BKW) correspondence [5] and the coupling

between CLE(4) and the GFF, our result implies conformal invariance of the critical
random-cluster model with cluster weight q = 4. Previous results for this model include
the derivation of its critical exponents [16], as well as the computation of certain full-plane
correlation functions [17]. Combined with the Edwards-Sokal coupling, this further yields
conformal invariance of the critical four-state Potts model on the square lattice. The details
of these two conformal invariance results are given in [2].

The BKW correspondence extends more generally to random-cluster models with cluster
weight q < 4. In this setting, however, the boundary behaviour induced by conditioning
on a large loop of the random-cluster model are considerably more involved. Identifying
the scaling limit of the corresponding field therefore remains a substantial challenge.
Nevertheless, the results of the present paper constitute a substantial step toward a better
understanding of the scaling limit of critical random-cluster models with 1 ≤ q < 4; see
[19] for more details.

The critical four-state Potts model on the square lattice is itself a particular instance
of the Ashkin-Teller model. In [28, 29], the scaling limit of the double Ising model,
another special case of the Ashkin-Teller model, was obtained through its coupling with
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Figure 3. The four rectangles R1, . . . , R4 around Λ2r. The conditioning
in Lemma 2.1 is on h4 on some set as the red one, contained in R1. In
Theorem 2.2, we similarly condition on h4 in four connected sets, each
contained in one rectangle Ri.

the dimer height function, or equivalently with the height function of the six-vertex
model at spectral parameter ∆ = 0. Our convergence result for six-vertex models with
∆ ∈ [−1,−1/2]∪[−∆0,∆0] provides a natural route toward establishing conformal invariance
of the Ashkin–Teller model over a broader range of parameters. We will pursue this direction
in a forthcoming work [3].

2. Proof overview
We start by explaining the main steps and ingredients in the proof of Theorem 1.3.
Recall the definition of the local observable ∆rh(x). We fix henceforth x and r. For

simplicity we take x = 0.
A central point will be to condition the full plane measure µδZ2 on realisations of

the gradient in certain regions around x, and to prove harmonicity under this conditional
measure. For precision, we will condition on the height function mod 4; write h4 : F (δZ2)→
Z/4Z, f 7→ h(f)+4Z for the height function modulo four. Observe that, if A is a connected
set of faces, the information of h4 on A is equivalent to the gradient of h on this set, together
with a single bit of information that determines the rest mod 4 of h on a single face (which
itself is odd or even).

For a connected set A, write h4|A for the restriction of h4 to A and

oscillation(h4|A) = max
z∈A

h(z)−min
z∈A

h(z). (17)

Note that, since h4|A determines the gradient of h on A, both its maximum and minimum
are defined up to common additive constant.

2.1. Harmonicity after conditioning
Let us start by a simplified setting which is already very instructive. Consider a reflection

line † across a vertical line which goes through centres of faces.

Lemma 2.1. For any η > 0, M ≥ 1 and ε > 0, there exists δ0 = δ0(η,M, ε) > 0 such that,
for any δ < δ0, any x at distance at least η on the left of a vertical line which goes through
centres of faces, and any connected set of faces A of diameter at least r at a distance at least
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η on the right of this vertical line, and any realisation ζ of h4 on A with oscillation(ζ) ≤M ,

µδZ2

[
∆rh(x)

∣∣h4|A = ζ
]
≤ ε. (18)

Proof sketch for Lemma 2.1. Let A ⊂ F (Z2) denote a finite connected set of faces to the
left of the reflection line, and let ζ be a realisation of h4 on A. We assume that the event
{h4|A = ζ} has positive probability. Fix x ∈ R2 and r ≥ 1 such that the faces determining
∆rh(x) lie to the right of the reflection line. See Figure 3 for an illustration; the reflection
line is dotted.

Reflection positivity (see [23, Theorems 2.2 and 4.15] or Proposition 6.2 below) yields:

µZ2

[
1h4|A=ζ ·∆rh(x)

]2 ≤ µZ2

[
{h4|A = ζ} ∩ {h4|A† = ζ†}

]
·µZ2

[
∆rh

†(x)∆rh(x)
]
, (19)

In terms of conditional expectations, this may be rewritten as

µZ2 [∆rh(x)|{h4|A = ζ}]2 ≤ µZ2 [{h4|A = ζ} ∩ {h4|A† = ζ†}]
µZ2 [{h4|A = ζ}]2

·µZ2 [∆rh
†(x)∆rh(x)]. (20)

The last factor is of order o(1) as r tends to infinity by the full-plane Gaussian Free Field
convergence of [23]. Thus, once we can uniformly bound the ratio of probabilities, it follows
that the conditional expectation of the random variable tends to zero as δ tends to zero. The
uniform bound on the ratio is called quasi-independence, and is derived in Lemma 4.4. �

The proof of Lemma 4.4 is based on Russo–Seymour–Welsh-type percolation arguments,
which also play an important role in other parts of the proof. The quasi-independence
statement is one of the technical ingredients in the proof of Theorem 1.3.

Lemma 2.1 provides some form of asymptotic harmonicity of the height expectation in
the full-plane measure µZ2 conditioned on a “boundary-conditioning-type” event. The main
difficulty in the proof of Theorem 1.3 comes down to extending from boundary conditions
on one side of a reflection plane to boundary conditions on a full circuit enclosing ∂Br(x).
This will require another argument, which is outlined in the next section.

2.2. Harmonicity via analyticity
Certain regions of the plane will be of particular importance, such as the rectangles

R1, . . . , R4 of Figure 3. These depend on a parameter η > 0 that will be fixed later.
Formally, they are

R1 := [2r + η, 4r − η]× [−4r, 4r], (21)
R2 := [−2r + η, 2r − η]× [2r + η, 4r] (22)
R3 := [−4r + η,−2r − η]× [−4r, 4r], (23)
R4 := [−2r + η, 2r − η]× [−4r,−2r − η]. (24)

As mentioned above, in the proof Theorem 1.3 we would rather like to condition on h4

in all rectangles R1, . . . , R4, rather than in just one of them. The equivalent result is listed
below.

Theorem 2.2 (Harmonicity under conditioning). For any η > 0, M ≥ 1, 0 < r < 1/2,
and ε > 0 there exists δ0 = δ0(η,M, r, ε) > 0 such that, for any δ < δ0, any connected sets
of faces Ai ⊂ Ri for i = 1, . . . , 4, each of diameter at least r, and any realisations ζi of h4

on Ai with oscillation(ζi) ≤M for each i, we have

µδZ2

[
∆rh(x)

∣∣ {h4|A1 = ζ1} ∩ · · · ∩ {h4|A4 = ζ4}
]
≤ ε. (25)

Observe that the same reasoning as in Lemma 2.1 may not be applied here. Indeed,
when trying to separated R1 from x and R2, . . . , R4 by a vertical line to apply (19), the
second observable multiplied by its conjugate become more complicated than the one we
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wish to bound. Therefore, a second crucial idea from [23] needs to be used: the analyticity
of certain observable with respect to horizontal, vertical and diagonal pushes.

Proof sketch for Theorem 2.2. Fix M,η, r, ε as in the statement. For i ∈ {1, 2, 3, 4}, set
Ei := {h4|Ai = ζi} and for z ∈ R2, let Ei(z) denote the translation of Ei by z. For fixed r,
we can shift the connected set A1 to the right by 2δbar/δc for some a > 0, and analyse the
behaviour of the functions

fδ(a) :=
µδZ2

[
∆rh(x)1E1((2δbar/δc,0))∩E2∩E3∩E4

]
µδZ2 [E1] · · ·µδZ2 [E4]

. (26)

It turns out that the transfer matrix formalism (Proposition 6.2) yields a particular (spectral)
representation of the function fδ. Among other things, any subsequential limit f(a) of fδ(a)
as δ tends to zero is analytic in a > 0. In particular, if f(a) is zero for large enough a, it is
zero for every a > 0. It therefore suffices to prove that fδ(a) tends to zero as δ tends to
zero when a is very large.

The same procedure can be performed repeatedly. Combining several translations
in horizontal, vertical, and diagonal directions, we may arrive at a situation where the
translates of A1, . . . , A4 are all below an horizontal line, and Λ2r(x) above it. See Figure 13.
Doing so, we may apply Lemma 2.1 (all events depend on faces lying one side of a reflection
line), thus concluding that the limit as δ tends to zero of the relevant function is zero, and
therefore that it is also zero without the different translations, i.e. that fδ(0) tends to zero
as δ tends to zero.

The result follows by another use of quasi-independence (Lemma 4.4) to show that
the product of the probabilities of the events Ei is of the order of the probability of the
intersection of the events Ei. As a consequence, fδ(0) and the left-hand side of (25) can be
compared up to uniform constants. �

Remark 2.3 (Quasi-independence requires spatial separation of the conditioning). For
quasi-independence to hold, it is important that the sets (Ai)i are geometrically separated.
Indeed, to apply the Russo–Seymour–Welsh-type arguments, we need some “space” to show
that the mixing between the different conditioning events occurs. This is why we cannot
simply “close” the circuit, and obtain the harmonicity theorem immediately, and that we
work with the H shape instead.

Remark 2.4. The proof strategy is reminiscent of the one used in [23, Section 7] to prove
harmonicity of multi-point correlation functions, although it is complicated by the lack of a
priori rotational invariance of the observables. As a consequence, the pushing in diagonal
directions plays an important role. In fact, we view the construction of a transfer matrix
in the diagonal direction as one of the innovations of this article. Transfer matrices in
the horizontal and vertical directions are well established in the literature, and there is
no special restriction on the model’s parameters. For a transfer matrix in the diagonal
direction (with a probabilistic interpretation), a certain monotonicity property is required.
Consequently, this formalism only makes sense for the parameters a = b = 1 and c ≥ 1. The
same condition is also at the core of the percolation representation used in [23, Section 14],
in earlier work, and in the present article.

2.3. From infinite volume to finite volume: strong mixing
Theorem 2.2 will be complemented by a strong mixing result. It will yield the following

exploration procedure. We will explore part of the configuration in R1, . . . , R4 in such a
way that, when the exploration is successful,

(a) Theorem 2.2 applies and yields a small expectation of ∆rh(x) under the infinite
volume measure conditioned on the exploration and
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(b) the exploration acts in an almost Markovian way: conditionally on it, the law of
the configuration in Λ2r(x) is almost independent of that outside Λ4r(x). We call
this property strong mixing; see Proposition 5.1.

The exploration will also be proved to be successful with high probability under µδZ2 . The
above will ultimately lead to the following result.

Theorem 2.5. For any ε > 0 and r > 0, there exists δ0 = δ0(ε, r) > 0 such that, for all
0 < δ < δ0 the following holds. On δZ2, there exists an exploration E of a connected set
of faces in Λ4r(x) \ Λ2r(x) that separates Λ2r from infinity and a notion of a “successful
outcome” for E such that ∣∣∣µδZ2

[
∆rh(x)

∣∣E that is successful
]∣∣∣ < ε (27)

and

µδZ2

[
E is successful

]
> 1− ε. (28)

We stated the theorem in a someone loose way since the exploration E will depend on h,
but also on a percolation representation ω+ that has not yet been defined. Its essential
feature is that E is measurable in terms of the configuration inside what was explored and
that it renders the measure in Λ2r(x) independent of the configuration on the outside of E .

The above may be understood as (and may be show to imply that)

µδZ2

[
∆rh(x)

∣∣h on ∂Λ4r(x)
] P−→ 0 as δ → 0. (29)

Using weak-mixing results (see Lemma 4.7) the above convergence will be transported to
finite-domain measures µζG, as in Theorem 1.3. Finally, in Section 4.1, we develop moment
bounds for the conditional expectation above, that will allow us to upgrade the convergence
in probability to a convergence in L1. This will ultimately lead to Theorem 1.3.

Remark 2.6. Theorem 2.5 and (29) state that the harmonicity of the full-plane multi-point
function is a local property and is not due to global cancellations.

2.4. Organisation
The rest of the paper is organised as follows. Sections 3 and 4 introduce the percolation

representation of the six-vertex model and derive relatively direct consequences of it, such as
L2 bounds and weak mixing properties. Section 5 states and proves the strong mixing result
mentioned above. In Section 6, we prove certain properties of the spectral representation of
the full-plane six-vertex measure; some of these already appeared in [23]. They are then
used in Section 7 to prove Theorem 2.2. In Section 8 we combine Theorem 2.2 and the
strong mixing of Section 5 to prove Theorem 2.5. We then deduce Theorem 1.3. Finally,
Sections 9 and 10 deduce Theorem 1.4, that is the convergence of the height function to
the Gaussian Free field.

3. Basics of the percolation representation
In this section, we define a graphical representation associated to the six-vertex model.

The representation appeared already in [34] and was used extensively in [23, Part D]. We
will limit here our description to the minimal set of properties used in this paper.

3.1. From heights to percolation
Let Z2

◦ denote the graph with vertex-set F◦ := {(x+ y + 1
2 , x− y + 1

2) : x, y ∈ Z} and
edges E◦ between the vertices at distance

√
2 of each other. Note that the vertices of Z2

◦
are the centres of the even faces of Z2; we will identify the two.

Let h be a height function defined on F (Z2) or on a subset of it. We couple h with two
percolation configurations ω = (ω+, ω−) on the edges of Z2

◦ as follows.
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Let (Xe)e∈E◦ be i.i.d. Bernoulli variables of parameter 1/c ∈ [0, 1] (recall that c ≥ 1).
For any edge e = (uv) ∈ E◦, if we write (u∗v∗) for its dual edge (with u∗ and v∗ therefore
being centres of odd faces of Z2),

• if h(u) 6= h(v), set ω+(e) = ω−(e) = 0;
• if h(u) = h(v) ∈ 4Z and h(u∗) 6= h(v∗), set ω+(e) = 1 and ω−(e) = 0;
• if h(u) = h(v) ∈ 4Z and h(u∗) = h(v∗), set ω+(e) = Xe and ω−(e) = 0;
• if h(u) = h(v) ∈ 4Z + 2 and h(u∗) 6= h(v∗), set ω+(e) = 0 and ω−(e) = 1;
• if h(u) = h(v) ∈ 4Z + 2 and h(u∗) = h(v∗), set ω+(e) = 0 and ω−(e) = Xe.

From this point onward, µζG and µZ2 denote the joint laws of (h, ω).
Notice that no edge of ω+ is incident to an edge of ω−. Furthermore, each connected

component of ω+ or ω− has constant height value. We will write (ω+)∗ for the dual
configuration of ω+. Then, each connected component of (ω+)∗ has total height oscillation
at most 3.

Finally, if A,B are connected sets of faces and h is a height function with

max
z∈A

h(z) ≤ min
z∈B

h(z)− 4(k + 1), (30)

then there exists 2k circuits of Z2
◦ separating A from B, contained alternatively in ω+

and ω−. Indeed, it suffices to consider the cluster in Z2
◦ of different even heights between

maxz∈A h(z) and minz∈B h(z). Their boundaries are part of ω+ or ω−, depending on the
parity of their half-height.

3.2. Basic properties of the percolation configuration
An even domain is the set of faces of Z2 contained on or inside a circuit of Z2

◦.

Lemma 3.1 (Spatial Markov property for the joint law). Let D be an even domain and
write γ for the circuit of Z2

◦ surrounding it. Then, there exist laws µ
+
D and µ−D for (h, ω+, ω−)

on D such that, for any G ⊃ D and any boundary condition ζ on G,

µζG[ · |(h, ω) on and outside γ such that ω+ ≡ 1 on γ] = µ+
D, (31)

µζG[ · |(h, ω) on and outside γ such that ω− ≡ 1 on γ] = µ−D, (32)

where in the above we refer to the law of (h, ω+, ω−) in D, up to an additive constant in 4Z.
The proof is contained in [23, Part D]. The marginal of h for the measure µ+

D and µ−D
is the six-vertex measure with constant boundary conditions and no diagonal interactions
across the boundary defined in the introduction. We will refer to these as the measures
with + or − boundary conditions for ω.

Remark 3.2. Similar measures may be defined on even domains with + boundary conditions
for certain arcs and − boundary conditions for other arcs. In these definitions, the heights
of the different arcs is not prescribed.

Proposition 3.3 (FKG for ω+). Let D be an even domain. Under both µ+
D and µ−D, the

couple (ω+, 1− ω−) satisfies the FKG lattice condition. The same holds under the infinite
volume measure µZ2.

More generally, if V is a set of even faces and E is a set of edges between even faces,
in the measure µ2

Z, conditionally on h4 on V and the configuration of ω on E, the pair
(ω+, 1− ω−) satisfies the FKG lattice condition.

In particular, if D′ ⊂ D is an even domain, ω+ sampled according to µ+
D′ stochastically

dominates the restriction to D′ of ω+ sampled according to µ+
D.

The proof of the above may be found in [23, Part D]. We draw the attention of the reader
to the fact that the FKG property for ω+ may fail under boundary conditions involving
the full height function, or the height function on both even and odd faces. Let us mention
one last result which will be useful later.
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Proposition 3.4 (Uniform odd heights from the percolation). Under µZ2 conditioned on
the pair ((h4(z))z∈Z2

◦
, ω), the odd height function (h4(z))z∈Z2

•
is constant on each cluster of

ω∗, and is obtained by i.i.d. uniform ±1 random variables on each such cluster.

The previous result also holds under measures µ+
G and µ−G, since, by Lemma 3.1, these

measures are obtained from µZ2 by conditioning on certain edges of ω.

3.3. RSW theory for ω+

A tube of quality η is a union of distinct boxes Λη(xi) for i = 1, . . . ,K with K ≤ η−2

and x1, . . . , xK ∈ 2ηZ2 with ‖xi+1 − xi‖ = 2η for each i. The tube is said to be closed if
‖xK − x1‖ = 2η.

Fix two simply connected finite domains formed of unions of faces of δZ2, Dout and Din.
Assume that Din ⊂ Dout. The region Dout \ Din will be called a discrete topological annulus.
It will be called even if both Din and Dout are even domains. We will say it is of quality η
if there exists a closed tube of quality η in Dout surrounding Din.

The measure µ+
D (and similarly µ−D) from Lemma 3.1 may also be defined on annuli

Dout \Din where Din ⊂ Dout are even domains. Under these measures, the height difference
between the inner and outer circuit is not specified.

Proposition 3.5 (RSW with ω b.c.). For each η > 0 there exists c = c(η) > 0 such that,
for any δ > 0 small enough, the following holds. For any even discrete topological annulus
Dout \ Din ⊂ δZ2 of quality η

µ−Dout\Din
[ω+ contains a circuit around Din] ≥ c. (33)

A more elaborate version of the above may be expressed as follows. An even quad is an
even domain Q with four marked points (i.e. vertices of Z2

◦) a, b, c, d on its boundary, in
counter-clockwise order. The conformal length of (Q, a, b, c, d) is the unique ρ such that
there exists a conformal map from (Q, a, b, c, d) to the rectangle [0, 1]× [0, ρ] that extends
by continuity to the boundary of Q and maps a, b, c, d to the four corners of the rectangle,
starting with the top-left one.

Write µalt
Q for the measure on Q with boundary conditions + for ω on the arcs (ab) and

(cd) of the boundary and − on the rest of the boundary. Here, the heights of the different
arcs is not prescribed.

Corollary 3.6 (RSW in terms of conformal length). For each ρ > 0 there exists c = c(ρ) > 0
such that, for any quad (Q, a, b, c, d) of conformal length at most ρ,

µalt
Q [ω+ connects the arcs (ab) and (cd)] ≥ c. (34)

Proof. The proof follows from Proposition 3.5 using the technique of [32]. �

Let us also mention a direct corollary of Proposition 3.5, which will be useful to us later.

Corollary 3.7. For any η > 0, there exists c > 0 such that, for any δ > 0 small enough,
any even discrete topological annulus Dout \ Din ⊂ δZ2 with Din having diameter at least η
and Dcout intersecting Λ1/η, for every k ≥ 0,

µ+
Dout\Din

[ ∣∣h|∂Dout − h|∂Din

∣∣ ≥ 4k
]
≤ exp(−ck). (35)

Note that, due to the boundary conditions, h is constant on ∂Dout and on ∂Din, with
the difference between these constants being a multiple of 4.

Proof. We first observe that, as a consequence of Proposition 3.5 and the FKG property
for ω+ (Proposition 3.3), there exists c0 = c0(η) > 0 such that

µ+
Dout\Din

[
∂Din

ω+

←→ ∂Dout

]
≥ c0. (36)
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The event above guarantees in particular that the height increment between ∂Din and
∂Dout is zero.

We turn to proving (35). If the height difference between ∂Din and ∂Dout is at least 4k,
then there exist 2k concentric circuits in Dout, alternating between ω+ and ω−, surrounding
∂Din. By exploring successively the circuits from the inside towards the outside, and
applying (36) at every stage, we conclude that

µ+
Dout\Din

[
2k concentric alternating circuits of ω+ and ω− around ∂Din

]
≤ ck0. (37)

This provides the desired bound. �

3.4. Circuit estimates with height boundary conditions
An RSW statement also holds under boundary conditions expressed in terms of h4.

Note that such boundary conditions are quite restrictive for ω as the FKG inequality
for ω+ may fail in such situations. Furthermore, additional complications arise when
working with boundaries with several connected components. We will use here a mixture of
height function estimates, namely the FKG inequality for |h| as well as results of [22], and
properties of the percolation configuration ω.

For technical reasons, we will directly state an estimate for double circuits. Let Dout \Din

be a discrete topological annulus of quality η > 0 on δZ2 with δ > 0 sufficiently small.
Then one may identify simply connected domains

Din = D0 ⊂ D1 ⊂ D2 ⊂ D3 = Dout

such that the concentric annuli A1 = D1 \ D0, A2 = D2 \ D1 and A3 = D3 \ D2 are each
of quality η/4. We assume that this is done in a fixed, arbitrary way for any choice of
Dout \ Din.

We say that ω+ contains a double circuit in Dout \Din if both A1 and A3 contain circuits
of ω+ separating the inside of the annulus from the outside. Write DbCirc(Dout \ Din) for
the event that such a double circuit exists.

Lemma 3.8. For each η > 0, M ≥ 1 and n ≥ 1, there exists a constant c = c(η,M, n) > 0
such that, for any δ > 0 small enough the following holds. For any discrete topological
annulus Dout \ Din ⊂ δZ2 of quality η, any connected sets of faces R1, . . . , Rn and any
realisations ξ1, . . . , ξn of h4 on them such that

• no Ri intersects the annulus Dout \ Din;
• each Ri has diameter at least η and is contained in Λ1/η;
• oscillation(ξi) ≤M for all i,

we have

µδZ2

[
DbCirc(Dout \ Din)

∣∣∣ n⋂
i=1

{h4 = ξi on Ri}
]
≥ c. (38)

Proof. Fix all quantities as in the statement.
Note that the conditioning in (38) is not in terms of the height, but only in terms of its

gradient in each region. Indeed, to transform it into a condition on the values h on the
regions Ri, one needs to fix the offsets of the height between the regions. Write Oi ∈ 4Z for
the offset of the height in Ri: it is defined by identifying a face xi in each Ri and imposing
that h(xi)−Oi ∈ {0, 1, 2, 3} for each i. Since the height function is defined up to global
additive constant, we fix O1 = 0.



CONFORMAL INVARIANCE OF THE SIX-VERTEX MODEL’S HEIGHT FUNCTION 17

R1

R2

R3R3

Figure 4. An instance with three sets Ri, where the offset of R3 is larger
than those of R1 and R2. The blue paths are part of ω+. This imposes the
existence of a number of loops of ω+ separating R1 and R2 from R3, which in
turn forces the existence of an annulus (yellow) with ω+ boundary conditions
and a large height difference between its inner and outer boundaries.

Then

µδZ2

[
DbCirc

∣∣∣ n⋂
i=1

{h4|Ri = ξi}
]

=
∑

o2,...,on∈4Z
µδZ2

[
DbCirc

∣∣∣ n⋂
i=1

{h|Ri = ξi + oi}
]
µδZ2

[ n⋂
i=2

{Oi = oi}
∣∣∣ n⋂
i=1

{h4|Ri = ξi}
]
.

To be precise, by {h|Ri = ξi+oi} we mean that h4 = ξi on Ri and that h(xi)−oi ∈ {0, 1, 2, 3}.
We will first explain that there exists C = C(η,M, n) such that

µδZ2

[
max
i
|Oi| ≤ C

∣∣∣ n⋂
i=1

{h4|Ri = ξi}
]
≥ 1

2 . (39)

We will then bound the probability of DbCirc when offsets satisfy the condition above.

Bounding the offsets: proof of (39). If we suppose that maxi |Oi| > C and we take
C sufficiently large, a direct computation states that there must exits an even topological
annulus Bout \ Bin with Bcin intersecting Λ1/η, disjoint from all regions Ri, separating some
of the regions Ri from the other, with ∂Bin ⊂ ω+, ∂Bout ⊂ ω+ and∣∣h|∂Bout − h|∂Bin∣∣ ≥ C

4nM
.

Furthermore, Bin may be explored from the inside and Bout from the outside. Indeed, if
we suppose that R1, . . . , Rj are the regions in Bin and the other are outside, it suffices to
take ∂Bin and ∂Bout as the innermost and outermost, respectively, circuits of ω+ separating
R1, . . . , Rj from the other regions. When conditioning on Bin, Bout and on h4|Ri = ξi for
each i, the measure in Bout \ Bin is µ+

Bout\Bin . See Figure 4.
Thus, accounting for the combinatorial factor which consists in selecting the regions

surrounded by the annulus, we find

µδZ2

[
max
i
|Oi| > C

∣∣∣ n⋂
i=1

{h4|Ri = ξi}
]
≤ 2n sup

Λin,Λout

µ+
Λout\Λin

[ ∣∣h|∂Λout − h|∂Λin

∣∣ ≥ C
4nM

]
≤ 2n · exp(−c0

C
4nM ), (40)
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R1

R2

R3

A1/2
A3/2

A2

A5/2

A7/2

Figure 5. The concentric annuli A1/2, . . . ,A7/2 separating R1 from R2

and R3. When A1/2 and A7/2 contain circuits of |h| ≥ C+ 2M + 4 (orange),
these force the existence of ω+ circuits (light blue) separating A3/2 from R1

and A5/2 from R2 and R3. The latter may exit A1/2 and A7/2. By exploring
such circuits, we may then create with positive probability circuits of ω+ in
A3/2 and A5/2 (blue).

where the sup is over all possible selections Λin and Λout of Bin and Bout. Note that, since
Bin must contain at least one of the regions Ri, it has diameter at least η. Corollary 3.7
provides the second inequality, with c0 depending only on η. Taking now C = C(η,M, n)
large enough, we conclude that the above is smaller than 1/2. This concludes the proof
of (39).

Bound the probability of DbCirc when offsets are small. Fix any offsets o2, . . . , on ∈
4Z with maxi |oi| ≤ C, where C is the constant appearing in (39). Write ζ for the actual
heights on each of the regions Ri defined by ξi + oi. Then, we have

max
z∈∪iRi

|ζ(z)| ≤ C + 2M.

Assume that R1, . . . , R` are contained in Din and R`+1, . . . , Rn are outside Dout, with
0 < ` < n; we will treat the degenerate cases ` = 0 and ` = n after. For technical reasons,
we further split the annuli A1 and A3 into concentric disjoint annuli A1/2, A3/2 and A5/2,
A7/2, respectively, each of quality η/16. Applying [22, Thm. 1.4] and the FKG inequality
for |h| [22, Prop. 2.4] we conclude that

µδZ2

[
A1/2 and A7/2 contain circuits of |h| ≥ C + 2M + 4

∣∣∣ h = ζ on
⋃
i

Ri

]
≥ c1, (41)

with c1 > 0 depending only on η, C and M . Write DbCirc(|h|) for the event in the
probability above.

When DbCirc(|h|) occurs, there exist circuits Γin and Γout of ω+ separating R1, . . . , R`
from A3/2 and A5/2 from R`+1, . . . , Rn, respectively. Furthermore, such circuits may be
explored from the inside and outside, respectively. See Figure 5.

Thus, applying the monotonicity in boundary conditions for ω+ (Proposition 3.3), we
find

µδZ2

[
DbCirc(Dout \ Din)

∣∣∣DbCirc(|h|) and h = ζ on
⋃
i

Ri

]
(42)

≥ µδZ2

[
ω+ has circuits in A3/2 and in A5/2

]
≥ c2, (43)
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Figure 6. A topological annulus and the interfaces (in blue) between
the primal percolation ω+ and its dual, explored from the outer boundary
towards the inside. The explored region is hashed and the white middle
region is the flower domain explored from outside to inside.

with c2 > 0 provided by Proposition 3.5 and depending only on η. The same conclusion is
reached when ` = 0, by exploring only Γout and when ` = n by exploring only Γin.

Combining the above with (41) and summing over all values of o2, . . . , on bounded by C,
we find

µδZ2

[
DbCirc(Dout \ Din)

∣∣∣ n⋂
i=1

{h4|Ri = ξi} and max
i
|Oi| ≤ C

]
≥ c1c2. (44)

Finally, (39) leads us to the desired bound. �

3.5. Flower domain exploration
Fix a discrete topological annulus Dout \ Din of faces of δZ2. Define the exploration

procedure from outside to inside in Dout \ Din as follows.
Consider the percolation ω+ and its dual (ω+)∗. Starting from the boundary of Dout,

explore all interfaces between ω+ and (ω+)∗ up to the first time they exit Dout or enter
Din. By exploring the interfaces, we mean revealing the state of the percolation edges and
the values of h4 on the faces on either side of the exploration. See Figure 6 for an example.

Write Exp for the set of faces resulting from this exploration and hexp and ωexp for the
resulting height and percolation configuration. Write F for the connected component of
Din in δZ2 \ Exp. Note that the boundary of F is formed of a number of arcs P1, . . . , Pk
of ω+ or (ω+)∗. The height on each of the arcs of ω+ is constant, while the arcs of (ω+)∗

have oscillations at most 3.
We call F the flower domain explored from Dout to Din and P1, . . . , Pk its petals. We

write oscillation(F) for the oscillation of the explored height function on the boundary
of F .

Note that the measure inside F conditionally on the explored part has complicated
boundary conditions. Indeed, they are a mix of heights and percolation information. To
obtain boundary conditions induced exclusively by heights, one may explore the thickened
flower domain F+, which is obtained by further exploring the height in each face of F
adjacent to its boundary. The notation oscillation(F+) extends trivially.

In a similar way, we define the flower domain explored from the inside towards the
outside, or from Din to Dout. Its petals face outwards and Fc is a simply connected set of
faces.

The following result will allow us to control the total oscillation of h on ∂F . Write
Ak(Din,Dout) for the event that there exist two connected paths γ1 and γ2 of faces of δZ2
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between ∂Din and ∂Dout with

min
z∈γ2

h(z) ≥ max
z∈γ1

h(z) + k. (45)

We call this the k-arm event, due to its similarity with k-arm percolation events.

Lemma 3.9 (Bound on the flower domain oscillation). For any η > 0, there exists c > 0
such that, for any topological annulus Dout \ Din of quality η and any k ≥ 1,

µZ2

[
Ak(Din,Dout)

]
≤ 1

ce
−ck. (46)

Furthermore, for any measure µζG with G simply connected ,

µζG [Ak(Din,Dout)] ≤ 1
ce
−c(k−oscillation(ζ)). (47)

In the second point, G does not need to contain Dout. In such cases, the arms need to
be contained both in Dout and in G.

Proof. Let us start by proving (46). We may cover Dout \ Din by Cη−1 annuli of the form
Λη \ Λη/2, such that, if Ak(Din,Dout) occurs, then A k

Cη
(Λη/2,Λη) occurs in at least one of

these annuli. Here C ≥ 1 is some universal constant. Applying [23, Theorem 4.9] and a
union bound, we find (46).

We turn to (47). Fix G and ζ. It suffices to consider the case where k ≥ oscillation(ζ)+8.
We start off by exploring the union C∂G(ω+)∗ of the clusters of the boundary of G in (ω+)∗.
Recall that each cluster of (ω+)∗ has total oscillation at most 3. Thus, the total oscillation
of the explored part is at most oscillation(ζ) + 8.

Under the conditional measure µζG[ · |C∂G(ω+)∗], the marginal in each component of
the the unexplored part G \ C∂G(ω+)∗ has + boundary conditions for the percolation.
Furthermore, the different connected components are independent.

Now, if Ak(Din,Dout) occurs, then Ak−oscillation(ζ)−8(Din,Dout) occurs in the complement
of C∂G(ω+)∗. In particular, A k−oscillation(ζ)−8

2

(Din,Dout) occurs in one of the connected

components of G \ C∂G(ω+)∗. Thus, we find

µζG [Ak(Din,Dout)] ≤ max
H

µ+
H

[
A k−oscillation(ζ)−8

2

(Din,Dout)
]
, (48)

where the maximum is over all even domains H.
We will now argue that there exits c = c(η) > 0 such that, for any even domain H and

` ≥ 1,

max
H

µ+
H [A8`(Din,Dout)] ≤ 1

ce
−c`. (49)

The event above implies the existence of ` concentric circuits χ1 . . . , χ` alternating
between ω+ and ω−, all crossing the annulus Dout \ Din from the inside to the outside.
These may be explored from outside to inside. Given that χ1, . . . , χj exist, the existence
of χj+1 has probability uniformly bounded away from 1 due to (33). This is the same
procedure as in the proof of Corollary 3.7.

This proves (49), which, when inserted in (48) proves the lemma. �

4. Consequences of the RSW theory: mixing and regularity
We now state a series of relatively standard consequences of the percolation representation,

and most importantly of the RSW property, Proposition 3.5.
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4.1. L2-bounds
For a face x and r > 0, write

∆̃rh(x) = µδZ2

[
∆rh(x)

∣∣h4 on ∂Λ2r(x)
]
. (50)

This is a variable that has same expectation as ∆rh(x), but will be shown below to have
much smaller variance. It is the average value of the Laplacian given the configuration
further away from where the Laplacian is measured. The same definition applies in domains,
as long as they contain Λ2r(x).

Lemma 4.1 (L2-bound of the averaged Laplacian). There exists a universal constant
C > 0 such that for any x, r > 0 and δ > 0 small enough,

µδZ2 [∆̃rh(x)2] ≤ C. (51)

Furthermore, for any G ⊂ δZ2 containing Λ2r(x) and any boundary condition ζ,

µζG[∆̃rh(x)2] ≤ C · (oscillation(ζ))2. (52)

The following fact, which follows immediately from the FKG inequality and the spatial
Markov property for h [22], will be useful below.

Lemma 4.2. Let G be a domain and ζ a boundary condition expressed in terms of heights.
Then for any face x ∈ G

min
z∈∂G

ζ(z) ≤ µζG[h(x)] ≤ max
z∈∂G

ζ(z). (53)

Let us start by illustrating the idea behind Lemma 4.1 in the full-plane case. By
Lemma 4.2, we have

µZ2 [∆̃rh(x)2] = µZ2

[
µZ2

[
∆rh(x)

∣∣h4|∂Λ2r(x)

]2] (54)

≤ µZ2

[
oscillation(h|∂Λ2r(x))

2
]
. (55)

The bound on the right is not satisfactory, as the typical height oscillation on ∂Λ2r(x) is of
order

√
log r/δ, while we are looking for a bound of order O(1). By standard L2-martingale

theory, the middle term is increasing in the conditioning σ-algebra. The idea is to run
an exploration procedure leading to a richer σ-algebra, but in a way that improves the
rightmost term coming from the oscillation on the boundary.

Proof of Lemma 4.1. Fix r > 0 and x. Let F denote the fattened flower domain explored
from Λ2r(x) to Λ3r/2(x) and let ξ denote the boundary conditions induced by the exploration.
We start with the case of the infinite volume. By the tower property and Jensen’s inequality

µδZ2

[
∆̃rh(x)2

]
= µδZ2

[
µδZ2

[
∆rh(x)

∣∣h4|∂Λ2r(x)

]2] (56)

≤ µδZ2 [µδZ2

[
∆rh(x)|F , ξ]2

]
(57)

≤ µδZ2 [oscillation(ξ)2]. (58)

The last inequality follows from Lemma 4.2.
Now, Lemma 3.9 implies a uniform exponential bound on the distribution of oscillation(ξ)

under µδZ2 . This proves that the right-hand side above is bounded uniformly in r, provided
δ is small enough.

The same procedure in finite domains implies that

µζG[∆̃rh(x)2] ≤ µζG[oscillation(ξ)2]. (59)

Observe now that Lemma 3.9 (specifically (47)) provides a uniform exponential bound on
the distribution of oscillation(ξ)− oscillation(ζ) under µζG. This implies (52). �
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We will also need a variant of Lemma 4.1 for the height function rather than the Laplacian.
As above, set

h̃r(x) = µζG
[
h(x)

∣∣h4 on ∂Λ2r(x)
]
. (60)

Lemma 4.3. For any M ≥ 1 and n ≥ 2, there exists a decreasing function C : (0,∞)→
(0,∞) such that, for any δ > 0 small enough, the following holds. Take G ⊂ δZ2 simply
connected, ζ a boundary condition with maxz∈∂G |ζ(z)| ≤ M and points u1, . . . , un ∈ G.
For each i, set di to be the distance from ui to ∂G, and choose 0 < ri ≤ di/8 be such that
ui is at distance at least 8ri from all the other uj. Then

µζG
[
∆̃r1h(u1)2 · h̃r2(u2)2 · · · · · h̃rn(un)2

]
≤

n∏
i=1

C(ri/di) and (61)

µζG
[
h̃r2(u2)2 · · · · · h̃rn(un)2

]
≤

n∏
i=2

C(ri/di). (62)

Proof. The proof is almost identical to that of Lemma 4.1, but explorations need to be
performed in annuli around each point ui. These annuli are disjoint due to our assumption.
The difference of heights between the annuli are controlled as in the proof of Lemma 3.8. �

4.2. Quasi-independence
Connected sets of faces R1, . . . , Rn of δZ2 are said to be η-separated if there exist closed

tubes Ξ1 . . . ,Ξn of quality η, with each Ξi surrounding Ri but leaving all other Rj outside
or vice versa.

Lemma 4.4 (Quasi-independence). For any η > 0, M ≥ 1 and n ≥ 2, there exists a
constant c = c(η,M, n) > 0 such that, for any δ > 0 small enough, any connected sets
R1, . . . , Rn ⊂ Λ1/η of faces of δZ2 that are η-separated and have diameter at least η, and
any assignments ξ1, . . . , ξn of h4 on R1, . . . , Rn with oscillation(ξi) ≤M for each i,

c ≤
µδZ2

[⋂n
i=1{h4|Ri = ξi}

]∏n
i=1 µδZ2 [h4|Ri = ξi]

≤ c−1. (63)

4.2.1. Swapping techniques
We start by stating two “swapping” lemmas, expressed in terms of partition functions of

the model with different boundary conditions. These will be instrumental in proving weak
and strong mixing statements, respectively.

Recall that even domains D are interiors of loops on Z2
◦ which we denote by ∂D. Consider

four simply connected, even domains Din ⊂ Dout and D′in ⊂ D′out. We will say that the
domains form compatible annuli of quality η if there exists a common closed tube of quality
η contained in both Dout and D′out, surrounding both Din,D′in. See Figure 7.

Write Z+(Dout \ Din) for the partition function with + boundary conditions for ω in
Dout \ Din. Then,

Z+(Dout \ Din) =
Z+(Dout)

Z+(Din)
µ+
Dout

[∂Din ⊂ ω+]. (64)

Also, recall that

µ+
Dout\Din

= µ+
Dout

[ · |∂Din ⊂ ω+]. (65)

Lemma 4.5 (Swapping in annuli). For any η > 0, there exists c > 0 such that, if the
domains Din,D′in,Dout,D′out form compatible annuli of quality η,

c ≤ Z+(Dout \ Din)Z+(D′out \ D′in)

Z+(D′out \ Din)Z+(Dout \ D′in)
≤ c−1. (66)
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Figure 7. Two compatible annuli Dout \ Din (blue) and D′out \ D′in (red) of
quality η. The common tube separating the inside from outside is orange.

Proof. Using (64), we find

Z+(Dout \ Din) · Z+(D′out \ D′in)

Z+(D′out \ Din) · Z+(Dout \ D′in)
=
µ+
Dout

[∂Din ⊂ ω+] · µ+
D′out

[∂D′in ⊂ ω+]

µ+
D′out

[∂Din ⊂ ω+] · µ+
Dout

[∂D′in ⊂ ω+]
. (67)

Write Tout \ Tin for a tube of quality η that surrounds both Din and D′in and is con-
tained in both Dout and D′out. By the monotonicity of boundary conditions for ω+ (see
Proposition 3.3), we have

µZ2 [∂Din ⊂ ω+] ≤ µ+
Dout

[∂Din ⊂ ω+] ≤ µ+
Tout [∂Din ⊂ ω+]. (68)

The same holds for ∂D′in instead of ∂Din and also for the measure µ+
D′out

.
Moreover, by exploring the outermost circuit of ω+ in Tout \ Tin and using again the

monotonicity in boundary conditions, we also find

µZ2 [∂Din ⊂ ω+] ≥ µZ2 [ω+ contains circuit in Tout around Tin] · µ+
Tout [∂Din ⊂ ω+] (69)

≥ cµ+
Tout [∂Din ⊂ ω+], (70)

with the constant c = c(η) > 0 given by (33), provided that δ is small enough.
Injecting the above into (67), we obtain the desired bound. �

A second swapping will be done in quads. Recall that a quad Q is an even domain whose
boundary contains four points a, b, c, d in counter-clockwise order. Call the four resulting
arcs (ab), (bc), (cd) and (da) of its boundary the left, bottom, right and top of the quad. Let
HorizontalQ denote the event that there exists a path of ω+ in Q connecting the left and
right sides. Similarly, VerticalQ denotes the event of that its top and bottom are connected
in ω+.

Consider the following setting. Two non-intersecting paths γL and γR of δZ2
◦ crossing the

rectangle [0, r]× [0, R] vertically, with γR to the right of γL. Four paths γ1
T , γ

2
T and γ1

B, γ
2
B

of δZ2
◦, contained in [0, r]× [0, R], each connecting γL to γR. These paths are necessarily

stuck between γL and γR and we will assume that each of the former is above each of the
latter.

Define the quads Qij for i, j ∈ {1, 2} as having the bottom and top boundaries formed
of γiB and γjT , and the left and right boundaries formed of segments of γL and γR.

Let Qin be the quad formed of the set of faces between γL and γR, above both γ1
B and

γ2
B, and below both γ1

T and γ2
T . Write γin

T and γin
B for its top and bottom boundaries.
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Figure 8. The quads Qi,j enclosed laterally by γL and γR (black) and
vertically by γiB and γjT (red for 1 and blue for 2). The hashed interior
region is Qin and the hashed outer region is Qcout.

Similarly, define Qout as the quad formed of the faces between γL and γR, above γ1
B

or γ2
B, and below γ1

T or γ2
T . Write γout

T and γout
B for its top and bottom boundaries. See

Figure 8 for an illustration.
For any of the quads Q above, write Z+(Q) for the partition function of the model

with + boundary conditions in said quad.

Lemma 4.6 (Swapping in quads). With the notation above,

µZ2 [HorizontalQin ]2 ≤ Z+(Q11) · Z+(Q22)

Z+(Q12) · Z+(Q21)
≤ µZ2 [HorizontalQin ]−2. (71)

Proof. We have

Z+(Qij) = Z+(Qout)µ
+
Qout

[γiB, γ
j
T ∈ ω

+]. (72)

Thus, the ratio in (71) becomes

µ+
Qout

[γ1
B, γ

1
T ∈ ω+]µ+

Qout
[γ2
B, γ

2
T ∈ ω+]

µ+
Qout

[γ1
B, γ

2
T ∈ ω+]µ+

Qout
[γ2
B, γ

1
T ∈ ω+]

. (73)

Due the FKG inequality (Proposition 3.3), we find that, for each i, j ∈ {1, 2},

µ+
Qout

[γiB ∈ ω+]µ+
Qout

[γjT ∈ ω
+] ≤ µ+

Qout
[γiB, γ

j
T ∈ ω

+]

≤ µ+
Qout

[γiB ∈ ω+ | HorizontalQin ] · µ+
Qout

[γjT ∈ ω
+]

≤
µ+
Qout

[γiB ∈ ω+]µ+
Qout

[γjT ∈ ω+]

µZ2 [HorizontalQin ]
.

Inserting this into (73), we obtain the desired bounds. �

4.2.2. Proof of Lemma 4.4
Proof of Lemma 4.4. Fix η and M as in the statement. We will do the proof by induction
over n, the number of regions. The result is immediate for n = 1.

Fix n ≥ 2 and assume the result proved for n − 1. Let R1, . . . , Rn be n regions and
ξ1, . . . , ξn be assignments of heights as in the statement. In light of the induction hypothesis,
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our goal is to prove that

c ≤
µδZ2

[⋂n
i=1{h4|Ri = ξi}

]
µδZ2

[
h4|R1 = ξ1

]
µδZ2

[⋂n
i=2{h4|Ri = ξi}

] ≤ c−1, (74)

for some constant c > 0 depending only on η, M and n.
Let Dout \ Din be an annulus of quality η that separates R1 from R2, . . . , Rn, which is

to say that R1 ⊂ Din and R2, . . . , Rn ⊂ Dcout or vice-versa. We assume the former for
simplicity. Set

Fin := {h4|R1 = ξ1} and Fout :=
n⋂
i=2

{h4|Ri = ξi}.

Recall the double circuit event DbCirc = DbCirc(Dout \ Din) and the annuli A1,A2 and
A3 defined in Section 3.4. By Lemma 3.8,

µδZ2

[
DbCirc

∣∣Fin ∩ Fout

]
≥ c0, µδZ2

[
DbCirc

]
≥ c0, (75)

µδZ2

[
DbCirc

∣∣Fin

]
≥ c0, µδZ2

[
DbCirc

∣∣Fout

]
≥ c0, (76)

where c0 > 0 depends only on η, M and n. Thus, the bounds in (74) become equivalent to

c1 ≤
µδZ2

[
DbCirc ∩ Fin ∩ Fout

]
µδZ2

[
DbCirc

]
µδZ2

[
DbCirc ∩ Fin

]
µδZ2

[
DbCirc ∩ Fout

] ≤ c−1
1 . (77)

Call Γin the inner-most circuit of ω+ in A1 and Γout the outermost circuit in A3. For
two realisations γin, γout of these paths, write Z+(γin, γout) for the partition function of
the model with + boundary conditions in the annulus with inner boundary γin and outer
boundary γout. By partitioning the events in (77) on the possible values of Γin and Γout

and using the short-hand γin for {Γin = γin} and similarly for γout, we find

µδZ2

[
DbCirc ∩ Fin ∩ Fout

]
µδZ2

[
DbCirc

]
µδZ2

[
DbCirc ∩ Fin

]
µδZ2

[
DbCirc ∩ Fout

] =

∑
µδZ2

[
γin, γout, Fin, Fout

]
µδZ2

[
γ′in, γ

′
out

]∑
µδZ2

[
γin, γ

′
out, Fin

]
µδZ2

[
γ′in, γout, Fout

]
=

∑
µδZ2

[
γin, Fin

]
µδZ2

[
γout, Fout

]
µδZ2

[
γ′in
]
µδZ2

[
γ′out

]
Z+(γin, γout)Z

+(γ′in, γ
′
out)∑

µδZ2

[
γin, Fin

]
µδZ2

[
γ′out

]
µδZ2

[
γ′in
]
µδZ2

[
γout, Fout

]
Z+(γin, γ

′
out)Z

+(γ′in, γout)
,

where the sums are over possible realisations γin, γ
′
in of Γin and γout, γ

′
out of Γout.

In the above we have used the fact that Fin is measurable in terms of the region inside
Γin and Fout in terms of the one outside Γout. To obtain the last expression, one would
need to work first in finite volume, then take the volume to infinity.

The bounds of Lemma 4.5 allow us to conclude. Recall that all annuli appearing in the
partition functions above are of quality η/4. �

4.3. Weak mixing
Lemma 4.7 (Weak mixing). For any ε > 0 and M ≥ 1, there exists a constant c =
c(ε,M) > 0 such that, for δ > 0 small enough, for every simply connected G ⊂ δZ2

containing Λ1, any boundary conditions ζ on G with oscillation(ζ) ≤M , and every event
E measurable in terms of h4 on Λ1/2,

µδZ2 [E] ≤ c implies µζG[E] ≤ ε, (78)

µζG[E] ≤ c implies µδZ2 [E] ≤ ε. (79)

Proof of Lemma 4.7. Fix ε > 0, M ≥ 1, G, ζ and E as in the statement. We first focus on
Equation (78). We shall prove the contraposition

µζG[E] > ε implies µZ2 [E] > c, (80)
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where c > 0 is a constant that will be determined and will be shown to only depend on M
and ε.

Assume that µζG[E] > ε. Let F denote the thickened flower domain explored from inside
outwards between Λ1/2 and Λ3/4. By Lemma 3.9, there exists a value K = K(ε) such that

µζG
[
E and oscillation(F) ≤ K

]
> ε/2. (81)

We may write

µζG
[
E and oscillation(F) ≤ K

]
=
∑
F,ξ

µζG[h4 = ξ on F c], (82)

where the sum runs over all realisations F or F and all realisations ξ of h4 on Fc that
correspond to the event on the right-hand side.

Now, due to the quasi-independence of Lemma 4.4, for any F, ξ as above,

µζG[h4 = ξ on F c] = µZ2 [h4 = ξ on F c |h4 = ζ on ∂G] ≥ c0µδZ2 [h4 = ξ on F c], (83)

where c0 > 0 is a constant that depends only on K.
Summing the above as in (82), we conclude that

µδZ2 [E] ≥ c0µ
ζ
G

[
E and oscillation(F) ≤ K

]
≥ c0

2 ε. (84)

This concludes the proof with c = c0
2 ε. �

5. Strong mixing
For η > 0, recall the rectangles R1, . . . , R4 of Figures 3 and 9. For 1 ≤ i ≤ 4, let Rin

i
denote the set of faces at L∞ distance at least η from Rci . Let Fi be the flower domain
explored from Rin

i to Ri. Additionally, let U denote the annulus Λ4r \ Λ4r−η. Write E for
• the realisations F1, . . . , F4 of the flower domains F1, . . . ,F4 and the realisations

(ξ, τ) of h4 and ω+ on each Fci ;
• the realisation ξ of h4 on U .

Note these notions depend implicitly on η.

Proposition 5.1 (Strong mixing). For any ε > 0, there exist τ > 0 and η > 0 such that
for all δ > 0 small enough, there exists a notion of successful outcome of E such that, if
Exp is successful,∥∥∥µδZ2

[
·
∣∣E = Exp

]
− µδZ2

[
·
∣∣Fi = Fi and (h4, ω

+)|∪iFi = (ξ, τ+)
]∥∥∥

TV,Λ2r(x)
≤ ε. (85)

Moreover, µδZ2 [E is successful ] ≥ 1− ε.

Above, ‖ · ‖TV,Λ2r(x) is the total variation metric between the restrictions of h4 to Λ2r(x).

5.1. Preparatory Russo–Seymour–Welsh estimates
To prepare for the proof of Proposition 5.1, we define a set of notations and state certain

consequences of Proposition 3.5 (RSW). See Figure 9 for relevant illustrations. For an
aspect ratio τ ≥ 1, scale η > 0, and point y ∈ R2, let Tτ,η(y) ⊂ R2 be the vertical rectangle,
or tube, defined by

Tτ,η(y) := y + [−2η, 2η]× [−3τη, 3τη]. (86)
We slice this rectangle into four vertical strips (closed rectangles) of width η each, and
denote the i-th slice by Ti, from left to right. Similarly, we slice the rectangle into three
rectangles of heights τη, and denote the j-th slice by T j . See Figure 9.

A tube Tτ,η(y) is called swap-susceptible if
• in T1, there exists a connected component of ω+ connecting its top, bottom and
left sides;
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2η 2r

4η

3ητ

Figure 9. Left: the flower domains Fi provide alternative primal/dual
petals of ω+ (actually Fci are grey; they are contained in the rectangles
Ri). The Laplacian ∆r(h) is computed in the orange central block. To
completely isolate the orange block from the outside, we will also explore
the height in the green annulus U . Right: A tube Tτ,η contained in SNE .
It is swap-susceptible due to the blue paths of ω+, and swap-compatible if
these are connected via the red paths of ω+.

• in T4, there exists a connected component of ω+ connecting its top, bottom and
right sides.

A tube is called swap-compatible if both T 1 and T 3 contain an ω+-crossings between the
left-most vertical crossing of ω+ in T1 and the right-most vertical crossing of ω+ in T4. See
again Figure 9 (right) for an illustration.

We state two standard consequences of the RSW theory for ω+.

Lemma 5.2 (Existence of swap-susceptible tubes). For any τ > 0, there exists c > 0 such
that, for any η > 0 and δ > 0 small enough, and any family of tubes (Tτ,η(yi))1≤i≤n that are
η separated, the events {Tτ,η(yi) is swap-susceptible} dominate a family of i.i.d. Bernoulli
variables of parameter c.

Proof. All events considered are measurable in terms of ω+. Thus, by Proposition 3.3, the
probability that Tτ,η(yi) is swap-susceptible, given the configuration in all tubes Tτ,η(yj)
with j 6= i is bounded below by

µ−Tτ,η(yi)+Λη

[
Tτ,η(yi) is swap-susceptible

]
,

where Tτ,η(yi) + Λη is the rectangle centred on Tτ,η(yi), with side lengths 6η and (6τ + 2)η.
The displayed probability is bounded below due to Propositions 3.5 and 3.3. �

For a tube Tτ,η(y), write S = S(Tτ,η(y)) for the exploration consisting of revealing ω+

in Tτ,η(y), left of and on the left-most vertical crossing of T1 and right of and on the
right-most vertical crossing of T4. We will consider S to contain the information of both
the sets of edges left and right of said paths, and their states in ω+. Then, Tτ,η(y) being
swap-compatible is determined by S. When Tτ,η(y) is not swap-compatible, let S contain
the states of all edges of Z2

◦ in Tτ,η(y).

Lemma 5.3 (Swap-susceptible tubes are swap-compatible). Fix ε > 0. There exists τ > 0
such that the following hods for any η > 0 and δ > 0 sufficiently small. For any tube Tτ,η(y),
any realisation S of S that makes Tτ,η(y) swap-susceptible and any event B expressed in
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terms of ω+ outside of Tτ,η(y),

µδZ2

[
Tτ,η(y) is swap-compatible | S = S and B

]
> 1− ε. (87)

Proof. Fix y and remove it from notation. Due to the monotonicity in boundary conditions
for ω+ (Proposition 3.3), we find

µδZ2

[
Tτ,η swap-compatible | S = S and B

]
≥ µ0

Tτ,η

[
Tτ,η swap-compatible | S = S

]
(88)

≥ µalt
Tτ,η

[
T 1 and T 3 crossed horizontally in ω+

]
, (89)

where alt are the boundary conditions on Tτ,η that are + on the left and right sides and −
on the top and bottom sides.

It is a standard consequence of Proposition 3.5 that the above may be rendered arbitrarily
close to 1 by taking τ sufficiently large. �

We now state a corollary of the above lemmas in terms of the explorations of interest to
us. Recall the definition of the flower domains F1, . . . ,F4 explored in R1, . . . , R4. Let

SNE := [−2r − 2η,−2r + 2η]× [2r + η, 4r − η]; (90)
SNW := [2r − 2η, 2r + 2η]× [2r + η, 4r − η]; (91)
SSE := [−2r − 2η,−2r + 2η]× [−4r + η,−2r − η]; (92)
SSW := [2r − 2η, 2r + 2η]× [−4r + η,−2r − η], (93)

be the vertical tubes of width 4η centred on the spaces between the rectangles Ri. In each
such tube, place K := b 2r−2η

(3τ+2)η c tubes Tτ,η(yi) that are η-separated.
Write H = H(τ, η) for the event that, in each S∗ for ∗ ∈ {NE,NW,SE, SW} there

exists at least one swap-susceptible tube Tτ,η(yi) and, if we write Tτ,η(y∗) for the outer-most
swap-susceptible tube in S∗, each Tτ,η(y∗) is swap-compatible.

Corollary 5.4. For any ε > 0, there exist η > 0 and τ > 0 such that,

µδZ2

[
H(τ, η)

]
≥ 1− ε. (94)

Proof. Fix ε > 0 and consider a choice of τ, η > 0 to be fixed below. We simply write T (y)
for Tτ,η(y). Recall the exploration S(T (y)) that consists in revealing the left-most and
right-most vertical crossings of T1 and T4, and thus determine if T (y) is swap-compatible.
Also recall that S(T (y)) only refers to ω+.

By taking τ large enough, we may ensure (87) with the value of ε fixed above. Then, by
taking η = η(r, τ) small enough, we may ensure that

µδZ2

[
each S∗ contains at least one swap-susceptible T (y)

]
≥ 1− ε. (95)

Apply the exploration S(T (y)) in each of the tubes T (y) in SNE , . . . , SSW . This al-
lows one to determine which tubes are swap-susceptible, and in particular determined
T (yNE), . . . , T (ySW ) when the event in (95) occurs. Then, due to (87),

µδZ2

[
Tτ,η(y∗) are all swap-compatible

∣∣S(T (y))y s.t. event in (95) occurs
]
≥ (1− ε)4.

(96)

The above, together with (87) imply the desired conclusion, after adapting ε. �

5.2. Strong mixing under favourable explorations
Proposition 5.5 (Strong mixing under favourable explorations). For any ε > 0, there
exists τ > 0 such that for any η > 0 and δ > 0 small enough, the following holds. If Exp is
a realisation of E such that

• µδZ2

[
H(τ, η)

∣∣E = Exp
]
≥ 1− ε and

• µδZ2

[
H(τ, η)

∣∣Fi = Fi and (h4, ω
+)|∪iFi = (ξ, τ+)

]
≥ 1− ε,
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2η 2r

Figure 10. The petals of the Fi are in blue and the paths Γ∗in and Γ∗out

are depicted in red. The regions Inside and Outside are pink and green,
respectively.

then∥∥∥µδZ2

[
·
∣∣E = Exp

]
− µδZ2

[
·
∣∣Fi = Fi and (h4, ω

+)|∪iFi = (ξ, τ+)
]∥∥∥

TV,Λ2r(x)
≤ 3ε. (97)

Proof. Recall the vertical splitting of Tτ,η into rectangles T 1, T 2, T 3 of sizes 4η × τη. By
taking τ sufficiently large and using Proposition 3.5, we may ensure that

µalt
T 2 [HorizontalT 2 ]8 ≥ 1− ε. (98)

where alt are the boundary conditions on T 2 that are + on its left and right sides and −
on the top and bottom sides.

For a configuration ω+, let ΓNEout and ΓNEin denote the top-most and bottom-most ω+

paths in T (yNE) as in the definition of swap-compatible. The same notation applies in each
of the other corners NW,SE, SW , with Γ∗out always denoting the outer-most path. Also
set Outside as the region of Λ4r formed of the explored regions U ,Fc1 , . . . ,Fc4 as well as all
faces in the unexplored regions that are above ΓNEout or ΓNWout or below ΓSEout or ΓSWout . Let
Inside denote the unexplored region separated from infinity by ΓNEin ∪ ΓNWin ∪ ΓSEin ∪ ΓSWin .
See Figure 10.

We will use the short-hand F = F for {Fi = Fi and (h4, ω
+)|∪iFi = (ξ, τ+)}. Fix two

configurations (h1, ω1) and (h2, ω2) such that H(τ, η) occurs. They will ultimately be
sampled according to µδZ2

[
·
∣∣E = Exp

]
and µδZ2

[
·
∣∣F = F

]
, respectively.

Write (h1
out, ω

1
out) and (h1

in, ω
1
in) for the restrictions of (h1, ω1) to Outside(ω1) and

Inside(ω1), respectively. Do the same for (h2, ω2). For i, j ∈ {1, 2}, define the short-
hand

µ
[
(hiin, ω

i
in)
∣∣(hjout, ω

j
out)
]

:= µδZ2

[
(h, ω+) = (hiin, ω

i
in) on Inside(ωi)

∣∣(h, ω+) = (hjout, ω
j
out) on Outside(ωj)

]
.

Let us now bound the cross ratio
µ
[
(h1

in, ω
1
in)
∣∣(h1

out, ω
1
out)
]
× µ

[
(h2

in, ω
2
in)
∣∣(h2

out, ω
2
out)
]

µ
[
(h2

in, ω
2
in)
∣∣(h1

out, ω
1
out)
]
× µ

[
(h1

in, ω
1
in)
∣∣(h2

out, ω
2
out)
] . (99)

For i, j ∈ {1, 2}, write Qi,jNE for the quad formed of the faces that are
• right of the left-most ω+ crossing of Tτ,η(y),
• left of the right-most ω+ crossing of Tτ,η(y),
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• below ΓNEout (ωj) and
• above ΓNEin (ωi).

See Figure 9 for an illustration. Use a similar procedure to define Qi,jNW ,Qi,jSE and Qi,jSW .
Recall the partition functions Z+(Q) defined in Section 4.2.1, specifically those used in
Lemma 4.6. Then, the cross ratio in (99) becomes

1− ε ≤
∏

∗∈{NE,NW,SE,SW}

Z+(Q1,1
∗ )Z+(Q2,2

∗ )

Z+(Q2,1
∗ )Z+(Q1,2

∗ )
≤ 1

1− ε
, (100)

with the bounds due to Lemma 4.6, the monotonicity of boundary conditions (Proposi-
tion 3.3) and our choice of τ (98).

Now, for any event E depending on h and ω+ in Λ2r, we have

µδZ2

[
E ∩H

∣∣E = Exp
]

=
∑

(h1out,ω
1
out)

(h1in,ω
1
in)∈E

µ
[
(h1

in, ω
1
in)
∣∣(h1

out, ω
1
out)
]
× µ

[
(h1

out, ω
1
out)
∣∣E = Exp

]
,

µδZ2

[
H
∣∣E = Exp

]
=

∑
(h1out,ω

1
out)

(h2in,ω
2
in)

µ
[
(h2

in, ω
2
in)
∣∣(h1

out, ω
1
out)
]
× µ

[
(h1

out, ω
1
out)
∣∣E = Exp

]
,

where the sums run over configurations as featured in (99). Similar expressions exist for
µδZ2

[
E ∩H

∣∣F = F
]
and µδZ2

[
H
∣∣F = F

]
, with (h1

out, ω
1
out) being replaced by (h2

out, ω
2
out).

Combining these expressions with the bounds in (100) we find

1− ε ≤
µδZ2

[
E ∩H

∣∣E = Exp
]
µδZ2

[
H
∣∣F = F

]
µδZ2

[
H
∣∣E = Exp

]
µδZ2

[
E ∩H

∣∣F = F
] ≤ 1

1− ε
.

Finally, since we assumed

1− ε ≤ µδZ2

[
H
∣∣E = Exp

]
≤ 1 and 1− ε ≤ µδZ2

[
H
∣∣F = F

]
≤ 1, (101)

we conclude that,

(1− ε)2 ≤
µδZ2

[
E ∩H

∣∣E = Exp
]

µδZ2

[
E ∩H

∣∣F = F
] ≤ (1− ε)−2.

Using again (101), this leads to∣∣µδZ2

[
E
∣∣E = Exp

]
− µδZ2

[
E
∣∣F = F

]∣∣ ≤ 3ε, (102)

as claimed. �

5.3. Proof of Proposition 5.1
Proof. Fix ε > 0. Let τ > 0 be given by Proposition 5.5.

Let η > 0 be given by Corollary 5.4 for ε2. Then, by the tower property, (94) may be
written as

µδZ2

[
µδZ2

[
H(τ, η)c

∣∣E]] ≤ ε2 and (103)

µδZ2

[
µδZ2

[
H(τ, η)c

∣∣F1, . . . ,F4, (h4, ω
+)|∪iFi

]]
≤ ε2. (104)

By Markov’s inequality, it follows that, with probability at least 1− 2ε, E is such that

µδZ2

[
H(τ, η)

∣∣E] ≥ 1− ε and µδZ2

[
H(τ, η)

∣∣F1, . . . ,F4, (h4, ω
+)|∪iFi

]
≥ 1− ε. (105)

We call E successful when the above occurs. Then, for E successful, (97) implies (85), with
3ε instead of ε. Modifying ε provides the desired conclusion. �



CONFORMAL INVARIANCE OF THE SIX-VERTEX MODEL’S HEIGHT FUNCTION 31

6. Proof of the spectral representation
The goal of this section is Proposition 6.2.

6.1. Spectral representation of local observables
Recall that µZ2 denotes the full-plane law of the height function modulo four, h4 (see [23,

Sections 14–17]). The following statements are written in the spirit of [23, Section 4.5],
although we state everything directly in terms of the full-plane measure µZ2 .

Definition 6.1 (Local observables, translations, and reflections). Let D := {→,↗, ↑,↖
,←,↙, ↓,↘} be the set of eight directions. We set

v→ := (2, 0), v← := (−2, 0),

v↑ := (0, 2), v↓ := (0,−2),

v↗ := (2, 2), v↙ := (−2,−2),

v↖ := (−2, 2), v↘ := (2,−2).

(106)

The associated reflection lines are
R→ = R← := {1/2} × R,
R↗ = R↙ := {(x, y) ∈ R2 : x+ y = 1},
R↑ = R↓ := R× {1/2},
R↖ = R↘ := {(x, y) ∈ R2 : x− y = 0}.

(107)

For ? ∈ D, let †? denote the reflection with respect to R?, acting on faces through their
centres, and set h†?(f) := h(f †?).

A random variable X = X(h) is called a local observable if it is bounded and real-valued,
and is measurable in terms of h4 on finitely many faces. Its support is the union of those
faces. For v ∈ Z2 with v1 + v2 even, write τv(f) := f + v for every face f of Z2. The
translated observable τv(X) is defined by τv(X)(h) := X(h ◦ τv), so its support is translated
by v.

Reflection acts on observables by

X†?(h) := X
(
h†?
)
. (108)

We write A−? and A+
? for the spaces of local observables supported, respectively, in the

two closed half-planes on the negative and positive sides of R?, where the positive side is
the one pointed to by ?.

The horizontal spectral representation below is the full-plane height-modulo-four analogue
of [23, Theorem 4.15]; its transfer matrix construction is in [23, Sections 11–12], and the
full-plane limiting procedure is [23, Sections 14–17]. The extension to the result below is
discussed in Section 6.

Proposition 6.2 (Spectral representation of local observables). For every ? ∈ D and
observables X ∈ A−? and Y ∈ A+

? , there exists a finite complex-valued measure µX,Y,? on
[0, 1] such that, for every n ∈ Z≥0,

µZ2

[
X τnv?(Y)

]
=

∫
[0,1]

λndµX,Y,?(λ). (109)

Moreover, µX,X†? ,? and µY†? ,Y,? are positive measures, and∣∣µZ2 [XY]
∣∣2 ≤ ‖µX,Y,?‖2TV ≤ ‖µX,X†? ,?‖TV‖µY†? ,Y,?‖TV = µZ2 [XX†? ]µZ2 [Y†?Y]. (110)

The goal of the rest of this section is to prove this proposition.
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6.2. The horizontal transfer matrix
In this part, given some even integer L > 0, define the cylinder CylL := Z× (Z/LZ) of

width L as being infinite in the horizontal direction.
We define a column configuration κ of the six-vertex model as an element of (Z/4Z)Z/LZ

which alternates parity, in the sense that for all i ∈ Z/LZ, one has κi+1 ≡ κi + 1 (mod 2).
One should think of κ as locally encoding the height function modulo 4 on a column of
the cylinder CylL. Let us point out now the following Markov property: conditionally
on two column configurations κ and κ′ on columns j and j′ respectively, the six-vertex
configuration between these two columns is independent from that outside the two columns.
Let S→ be the set of all column configurations κ, and let Ω := `2(S→) be the space on which
the transfer matrix acts. We denote by eκ the basis vector associated to a configuration
κ ∈ S→.

Define the transfer matrix t→ to be the linear map from Ω to itself which is defined on
the basis eκ in the following way. Given κ, κ′ ∈ S→, start by inserting κ′ to the right of κ.
From here, each vertex between the two columns gets a weight:

• 0 if the four heights around the vertex do not satisfy the ice rule,
• c if the vertex is a c-type vertex,
• 1 otherwise,

and let e†κ′t→eκ be the product of such weights. Notice that one automatically gets
e†κ′t→eκ = e†κt→eκ′ , so t→ is a symmetric operator on Ω.

For j ∈ Z, let Ej be the j-th column of CylL, to which we associate a copy Ωj := Ω of
the vector space. Then, for all j, t→ can be seen as an operator from Ωj to Ωj+1. For
each j ≤ j′, let Ejj′ be the union of columns ∪j≤k≤j′Ek. For two configurations κ, κ′ and
two indices j, j′, we may define Ejj

′

κκ′ [·] to be the six-vertex measure inside Ejj′ conditioned
on column Ej having configuration κ and column Ej′ having configuration κ′, assuming
this conditioning is non-degenerate. Notice that the Markov property of the configurations
ensures that additionally conditioning on any configuration outside Ejj′ does not change
the measure.

For X a random variable measurable in terms of the heights modulo 4 inside Ejj′ , define
the linear operator ojj

′

X : Ωj → Ωj′ in the following way. For each basis vectors eκ ∈ Ωj and
eκ′ ∈ Ωj′ , set

e†κ′o
jj′

X eκ := Ejj
′

κκ′ [X](e†κ′t
j′−j
→ eκ),

The measure Ejj
′

κκ′ [·] makes sense precisely when e†κ′t
j′−j
→ eκ is non-zero, so ojj

′

X is well-defined.
These observables follow the same properties as in [23].

6.3. The diagonal transfer matrix
We now wish to define a transfer matrix t↗ in the diagonal direction. The main obstacle

in this case is that the naive construction of t↗ does not yield a symmetric operator.
For L > 0, let us start by defining the cylinder CylL in the diagonal direction as the

set Z2/ ∼, where ∼ is the equivalence relation generated by (x, y) ∼ (x + L, y − L) for
all (x, y) ∈ Z2. We define a diagonal configuration (κ, ε) to be a pair constituted of some
κ ∈ (2Z/4Z)Z/LZ (so all entries are even), and for each i, a quantity εi,i+1 ∈ {−1, 0, 1}, in
such a way that whenever εi,i+1 = 0, one has κi = κi+1. One should think of κ as encoding
the height function modulo 4 on a diagonal. At each i such that κi = κi+1, the value εi,i+1

encodes some additional information: either εi,i+1 = 0, in which case this means that there
is an edge of the percolation ω◦ between the two faces on which κi and κi+1 lie, otherwise
there is no such edge, so the two odd faces between the values κi and κi+1 must have the
same value, equal to εi,i+1. See Figure 11 (left) for an illustration.
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We claim that this notion of diagonal configuration allows for the following Markov
property, as in the horizontal case: given two diagonal configurations (κ, ε) and (κ′, ε′) on
two diagonals k and k′ respectively, the six-vertex configuration between the two diagonals
k and k′ is independent from the configuration outside the diagonals. This is due to the fact
that the only place the inside and the outside could interact along a diagonal k is at vertices
where εi,i+1 = 0 (that is, the odd heights at each side of the diagonal are undetermined),
but in this case, the existence of the edge of ω◦ implies that this vertex will get weight 1,
independently of the heights neighboring it, as desired.

To a configuration (κ, ε), let us assign a weight

w(κ, ε) := (c− 1)#{i:κi=κi+1, εi,i+1 6=0}.

Once again, set S↗ to be the set of all diagonal configurations (κ, ε), and let Ω := `2(S↗)
be the vector space on which the transfer matrix acts. Define (eκ,ε) to be the canonical
basis of Ω. For j ∈ 2Z/LZ, we define Ej to be the j-th diagonal of CylL, so that the Ej
form a partition of the even faces of CylL, and we associate to it a vector space Ωj which is
a copy of Ω. For each j, we interpret the weight w(·) as a diagonal operator W : Ωj → Ωj

with diagonal entries (w(κ, ε))κ,ε.
Let us now define the tilted transfer matrix t̃↗. Given two configurations (κ, ε) and

(κ′, ε′), we define the value e†κ′,ε′ t̃↗eκ,ε in the following way. As in Figure 11, place both
diagonal configurations next to one another. If the values do not align then give weight
0. Otherwise, sum over all possible heights in the diagonal in between (which are not
determined at indices where εi,i+1 = ε′i,i+1 = 0, see the question marks in Figure 11), and
for each, compute the six-vertex weights at all vertices marked by • in the figure. For each
j, one can interpret t̃↗ as a linear map from Ωj to Ωj+1. Finally, one defines the transfer
matrix t↗ : Ωj → Ωj+1 by t↗ := W 1/2t̃↗W

1/2, where the two W act on Ωj+1 and Ωj

respectively.
It is fairly easy to see that by definition, the matrix t̃↗ is symmetric, and therefore, the

transfer matrix t↗ is also symmetric.
Let us explain why t↗ can be considered to be a transfer matrix. Given two indices

j ≤ j′ and two configurations (κ, ε) on Ej and (κ′, ε′) on Ej′ , we may write

e†κ′,ε′t
j′−j
↗ eκ,ε = w(κ′, ε′)1/2w(κ, ε)−1/2 · e†κ′,ε′(t̃↗W )j

′−jeκ,ε.

This quantity expands into a sum over all configurations of heights between Ej and Ej′ of
a certain weight. One may check that every vertex gets a weight, either from the matrix
t̃↗ or from W . In the second case, the weight is 1 if the vertex corresponds to an edge of
(ω◦)?, and c− 1 if it corresponds to an edge of ω◦. Therefore, modulo the extra boundary
weights w(κ′, ε′)1/2w(κ, ε)1/2, one recovers exactly the partition function of the six-vertex
model conditioned on having configurations (κ, ε) on Ej and (κ′, ε′) on Ej′ .

As in the horizontal case, define Ejj′ to be the set of faces between diagonals Ej and
Ej′ (note that this includes all odd faces as well, so it is not simply the union of the Ek
for j ≤ k ≤ j′). By the Markov property, given configurations (κ, ε) on Ej and (κ′, ε′) on
Ej′ , there is a natural measure Ejj

′

(κ,ε)(κ′,ε′)[·] defined as the six-vertex measure conditioned
on having configurations (κ, ε) and (κ′, ε′) on Ej and Ej′ respectively. If X is a random
variable measurable in terms of the heights modulo 4 inside Ejj′ , define the linear operator
ojj
′

X : Ωj → Ωj′ by setting, for each configurations (κ, ε), (κ′, ε′),

e†κ′,ε′o
jj′

X eκ,ε := Ejj
′

(κ,ε)(κ′,ε′)[X](e†κ′,ε′t
j′−j
↗ eκ,ε),

which once again makes sense since the conditioning is non-degenerate precisely when
e†κ′,ε′t

j′−j
↗ eκ,ε is non-zero.
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Figure 11. Left: A diagonal configuration (κ, ε). The data of κ is given
in the grey squares, the data of ε is given by the numbers in red, at the
bottom left of each vertex between two grey squares. The data of ε is also
represented by the configuration of ω (in red) between the grey squares,
and corresponds to the vertices where ε = 0. The additional heights on
the figure are those given by non-zero values of ε (recall that −1 = 3 since
we are modulo 4). This configuration has weight (c − 1)2. Right: When
putting two diagonal configurations next to one another, they interact on
the vertices marked in black, by summing over all possible configurations of
the “?” squares. The matrix element associated to these two configurations
is e†κ′,ε′ t̃↗eκ,ε = c + c3.

6.4. Spectral theorem and Perron-Frobenius eigenvector
From now on, take ? ∈ {→,↗}. The proof works in the same way for the horizontal and

diagonal transfer matrices. Since the transfer matrix t? is symmetric, it has real eigenvalues.
Furthermore, its entries are nonnegative, so it has an eigenvalue λ0 > 0 such that all other
eigenvalues λ satisfy |λ| ≤ λ0. Ideally, we would want λ0 to be a simple eigenvalue, and
for other eigenvalues λ to satisfy the strict inequality |λ| < λ0. In order to achieve this,
a simple way would be for t? to be irreducible, that is to say that for k large enough, all
entries of tk? are positive. However, this is not the case, since the transfer matrix elements
e†κ′t?eκ are zero unless κ and κ′ have the same winding around the cylinder, i.e. if one goes
around the cylinder and integrates the height function modulo 4 into a real integer-valued
height function, the height difference obtained after a full turn around the cylinder is the
same in κ and κ′. Let us note that in the diagonal case, one cannot integrate the height
function off of κ alone, but it is possible with the additional data of ε.

For this reason, we restrict ourselves to the balanced block, consisting of all configurations
κ which integrate to real height functions around the cylinder, denote by Ωb the space
generated by balanced configurations. The transfer matrix t? acts on Ωb and it is now
irreducible, so it has a largest eigenvalue λ0, of Perron-Frobenius eigenvector v0. Denote
λ0 > |λ1| ≥ |λ2| ≥ . . . the eigenvalues of t?, with corresponding orthogonal eigenvectors
v0, v1, . . ..

In probabilistic terms, the restriction to the balanced block corresponds to conditioning
on the event Bal that the configuration is balanced on the cylinder. The following result
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allows us to pass to the full-plane. The horizontal case follows from [23, Lemma 18.7], and
the diagonal case is analogous.

Theorem 6.3. For each ? ∈ {→,↗}, each even L > 0, let CylL be the corresponding
cylinder. Then, as L tends to infinity, the measures µCylL [·|Bal] converge, for the local
convergence of measures, to µZ2.

6.5. Proof of Proposition 6.2
We place ourselves in the corresponding setup, and set ? ∈ {→,↗} to be the direction

we consider. Assume that X ∈ A−? and Y ∈ A+
? . Since X and Y are local, there is some i

such that X depends only on the height modulo 4 inside E(−i)0 and Y depends only on the
height modulo 4 inside E0i. Now, take some even L large enough so that X and Y make
sense as observables on CylL, and consider the six-vertex model on CylL.

In order to express ECylL [X · τnv?Y], one would need to first consider the model on a long
torus of length M , and take M to infinity. As in [23], the result is that at the limit, only
the Perron-Frobenius vector v0 survives at infinity. More precisely, this gives the following
equation

ECylL [X · τnv?Y] =
v†0o

(2n)(2n+i)
Y t2n? o

(−i)0
X v0

v†0t
2n+2i+2
? v0

.

Expanding t2n? =
∑

k λ
2n
k vkv

†
k, we get (up to identifying the vk in Ω0 and Ω2n)

ECylL [X · τnv?Y] = λ−2n−2i−2
0

∑
k

λ2n
k v
†
0o

0i
Yvkv

†
ko

(−i)0
X v0

=

∫
λndµX,Y,L,?(λ)

where
µX,Y,L,? = λ−2i−2

0

∑
k

v†0o
0i
Yvkv

†
ko

(−i)0
X v0 · δλ2k/λ20

is a (signed) measure on [0, 1]. In the case where Y = X†, the measure becomes

µX,X†,L,? = λ−2i−2
0

∑
k

(v†ko
(−i)0
X v0)2 · δλ2k/λ20

so it is a positive measure, of weight

||µX,X†,L,?||TV = λ−2i−2
0

∑
k

(v†ko
(−i)0
X v0)2

=

∫
dµX,X†,L,? = ECylL [XX†].

By Cauchy-Schwarz, one may write

||µX,Y,L,?||2TV ≤
(
λ−2i−2

0

∑
k

∣∣v†0o0i
Yvkv

†
ko

(−i)0
X v0

∣∣)2

≤
(
λ−2i−2

0

∑
k

(
v†0o

0i
Yvk

)2)(
λ−2i−2

0

∑
k

(
v†ko

(−i)0
X v0

)2)
= ECylL [XX†]ECylL [YY†].

As L tends to infinity, the values ECylL [XX†] and ECylL [YY†] converge to their full-
plane counterparts. Therefore, the measures µX,Y,L,? have uniformly bounded norm, and
therefore one can extract convergent subsequences. Any subsequential limit µX,Y,? satisfies,
for all n ≥ 0, ∫

λndµX,Y,?(λ) = lim
L→∞

ECylL [X · τnv?Y] = EZ2 [X · τnv?Y]
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and
||µX,Y,?||2TV ≤ lim

L→∞
ECylL [XX†]ECylL [YY†] = EZ2 [XX†]EZ2 [YY†].

7. Proof of the intermediate statement (Theorem 2.2)
7.1. Setting of the proof and the two fundamental propositions

We work with fixed η > 0 and M ≥ 1 that will be implicit in the notations. Fix a mesh
size δ > 0, a realisation of A1, . . . , A4, and realisations ζ1, . . . , ζ4 of h4 on A1, . . . , A4. For
i ∈ {1, 2, 3, 4}, set Ei := {h4|Ai = ζi} and for z ∈ R2, let Ei(z) denote the translation of
Ei by z. Write Oη for the set of quadruples of points z = (z1, . . . , z4) ∈ (R2)4 such that
the translates R1 + z1, . . . , R4 + z4 are separated by a distance (at least) ηr/2 and do not
intersect Λ2r(0). In particular (0, . . . , 0) ∈ Oη. For any z ∈ Oη, write

E(z) :=
⋂

i∈{1,2,3,4}

Ei(zi).

Cr(x)

Λ2r(x)

x

R2 + z2

R1 + z1

R4 + z4

R3 + z3

L

R4 + z4 + λv

R3 + z3 + λv

λv

Figure 12. Here is one example of one step pushing. In this case I = {3, 4},
v = (−2,−2) and v = (0, 0, v, v). In blue the events after pushing.

For ε, δ0 > 0, set Nε(δ0) to be the set of points z ∈ Oη such that, for any 0 < δ < δ0,
any realisation of (Ai)i∈{1,2,3,4} and ζ with oscillation(ζi) ≤M for each i ∈ {1, 2, 3, 4},∣∣∣µδZ2 [∆rh(0) |E(z)]

∣∣∣ ≤ ε. (111)

Our goal is to prove that for every ε > 0, there exists δ0 such that (0, . . . , 0) ∈ Nε(δ0).
The proof will rely on three results as an input.

To describe them, the notion of separation line will be useful. Fix ? ∈ D and z ∈ Oη, and
write v = v?, with the notation of Section 6.1. Below, for fix η > 0, 0 < r < 1/2. A line L
perpendicular to v is called a separation line for z if there exists a set I = I(L) ⊂ {1, 2, 3, 4}
so that the support of ∆rh(0) and (Ri + zi)i∈{1,2,3,4} are all at a distance at least ηr/2 from
L, with (Ri + zi)i∈I on the positive side4 of L and the rectangles Ri + zi with i /∈ I and
the support of ∆rh(0) on the negative side of L.

The first proposition is essentially a rescaled version (by a factor δ) of Lemma 2.1.

4The positive side of L is the half-plane whose points have larger scalar product with v than those of L.
The negative side is the other half-plane.
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Proposition 7.1 (Separated conditioning). Fix η > 0, M ≥ 1, 0 < r < 1/2, R ≥ 1 and
ε > 0. There exists δ0 > 0 such that any z ∈ Oη ∩ ΛR for which there exists a horizontal
separation line L with I(L) = {1, 2, 3, 4} is in Nε(δ0).

The proof is the same as for Lemma 2.1. We briefly recall it here for completeness.

Proof. Fix η > 0, M ≥ 1, 0 < r < 1/2, R ≥ 1 and ε > 0. Consider (Ai)i∈{1,2,3,4}, ζ and z
as in the statement of the proposition.

Equation (110) applied to X := ∆rh(x) and Y := 1E(z) gives that∣∣µδZ2 [∆rh(x)1E(z)]
∣∣2 ≤ µδZ2 [∆rh(x)∆rh

†(x)]µδZ2 [h, h† ∈ E(z)]. (112)

Since the height function is (approximately) harmonic in the full plane [23, Proposition 7.2],
one has

µδZ2 [∆rh(x)∆rh
†(x)] = oδ(1), (113)

The four rectangles and their reflections are pairwise at distance at least ηr/2 since z ∈ Oη,
each ζi and its reflection has oscillation at most M . Lemma 4.4 (and reflection invariance)
applied to the eight events Ei(zi), i = 1, . . . , 4 and their reflections shows that for some
constant C = C(η,M,R),

µδZ2 [h, h† ∈ E(z)] ≤ C
4∏
i=1

µδZ2 [Ei(zi)]
2, (114)

µδZ2 [E(z)] ≥ C−1
4∏
i=1

µδZ2 [Ei(zi)], (115)

uniformly in ζ and z and all sufficiently small δ in the assumptions. Together, this gives
that

µδZ2 [h, h† ∈ E(z)] ≤ C µδZ2 [E(z)]2. (116)
When plugged in (112), and after dividing by µδZ2 [E(z)], this concludes the proof. �

In order to bring back ourselves into the situation of the previous proposition, we use a
pushing argument, in the spirit of [23, Section 7.1]. In [23], pushing was done for observables
of the scaling limit of the field, which were shown to be analytic in the “pushing variable”.
In this article, statements are given in the discrete.

Proposition 7.2 (Pushing perpendicularly to separation lines). Fix η > 0, M ≥ 1,
0 < r < 1/2, 0 < a < b and ε > 0. Then, there exists δ0 and ε′ such that the following
holds true for every z ∈ Oη with a separation line L perpendicular to v. If for all λ ∈ (a, b),
z + λv ∈ Nε′(δ0), where v = (v1, . . . , v4) with vi = v if i ∈ I(L) and vi = 0 otherwise, then
z ∈ Nε(δ0).

We postpone the proof to Section 7.3 and jump directly to the proof of Theorem 2.2.

7.2. Proof of Theorem 2.2
Let us start by the following lemma.

Lemma 7.3. Fix η > 0. There exists η′ > 0 and a sequence of lines L(1), . . . ,L(k) orthogonal
to horizontal, vertical or diagonal directions v(1), . . . , v(k) ∈ {v? : ? ∈ D} and values
λ(1), . . . , λ(k) > η′ such that the following holds. For any λ1, . . . , λk with |λj − λ(j)| < η′, if
we defined recursively

z(0) = (0, . . . , 0) and z(j) = z(j−1) + λjv
(j), (117)

where v
(j)
i is equal to v(j) when i ∈ I(L(j)), and zero otherwise, then
• z(k) ∈ Oη ∩ ΛR and there exists a separation line L with I(L) = {1, 2, 3, 4},
• L(j) is a separation line for z(j−1) for every 1 ≤ j ≤ k.
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Proof. We follow the four steps in Figure 13, and achieve the lemma with k = 8. At each
step, we choose L(j) with the corresponding separation in the figures.

(1) Push R3 to the left and then R1 to the right (that is, v(1) = v← and v(2) = v→),
choose λ(1), λ(2) large enough to allow the diagonal pushes in the next step.

(2) Push diagonally the translated R3 to the lower left and then the translated R1 to
the lower right, choose λ(3), λ(4) large enough so that both lie below R4.

(3) Push R2 upwards, choose λ(5) large enough to allow the next diagonal push.
(4) Push diagonally the translated R2 successively to the upper right, right, and lower

right, choose λ(6), λ(7) large enough to allow the next move, and λ(8) large enough
so that after the push, R2 lies below R4. Then we have a horizontal line separating
all four Ri + zi from Λ2r(0).

At each step, choose L(j) before moving the rectangle, with a positive margin in the
separation conditions. Moving the rectangle perpendicularly away from this line preserves
the separation. After fixing the parameters λ(1), . . . , λ(k), choose η′ > 0 small enough that
these separations and the final horizontal separation persist whenever |λj − λ(j)| < η′ for
every j. This is possible because there are finitely many pushes. �

(a) (b) (c)

(d)

Figure 13. The four steps of the pushing procedure. Blue lines are the
separating lines L for the pushes. The red line separates the final positions
of all four rectangles from Λ2r(0).

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2. Fix η > 0, 0 < r < 1/2 and M ≥ 1. Also, set ε = ε0 > 0. Consider
L(1), . . . ,L(k), v(1), . . . , v(k) and λ(1), . . . , λ(k) produced by Lemma 7.3. Below, for λ1, . . . , λk



CONFORMAL INVARIANCE OF THE SIX-VERTEX MODEL’S HEIGHT FUNCTION 39

with |λj − λ(j)| < η′ for all j, let

z(j)(λ1, . . . , λj) := z(j−1)(λ1, . . . , λj−1) + λjv
(j). (118)

By Proposition 7.2, there exists δ0 > 0 and a sequence 0 < εk ≤ · · · ≤ ε1 ≤ ε0 such that,
for any λ1, . . . , λk with |λj − λ(j)| < η′ for all 1 ≤ j ≤ k and every 0 ≤ i < k, if

for every λ such that |λ− λ(i+1)| < η′, z(i+1)(λ1, . . . , λi, λ) ∈ Nεi+1(δ0) (119)

then z(i)(λ1, . . . , λi) ∈ Nεi(δ0).
Since Proposition 7.1 implies that, by potentially decreasing δ0 > 0, z(k)(λ1, . . . , λk) ∈

Nεk(δ0) as soon as |λj − λ(j)| < η′ for all 1 ≤ j ≤ k, we immediately conclude that
(0, . . . , 0) = z(0) ∈ Nε0(δ0), as claimed. �

7.3. Proof of Proposition 7.2
We wish to use the analyticity argument in a continuous limit. To formalise this, it is

convenient to proceed by contradiction.
Assume henceforth that there exist η > 0, M ≥ 1, 0 < r < 1/2, 0 < a < b, ε > 0,

a direction v, I ⊂ {1, 2, 3, 4}, and a sequence of mesh sizes (δn) tending to zero such
that the following holds. For every n, there exist (A

(n)
i )i∈{1,2,3,4} and (ζ

(n)
i )i∈{1,2,3,4} with

oscillation(ζ
(n)
i ) ≤M for all i ∈ {1, 2, 3, 4}, z(n), and a separation line L(n) orthogonal to v

with I(L(n)) = I, such that

lim
n→∞

sup
λ∈[a,b]∩δnZ

∣∣µδnZ2 [∆rh(0) |E(n)(z(n) + λv)]
∣∣ = 0, (120)

inf
n≥1

∣∣µδnZ2 [∆rh(0) |E(n)(z(n))]
∣∣ ≥ ε. (121)

Above, v is defined from I and v as usual, and E(n) is the event defined in terms of
(A

(n)
i )i∈{1,2,3,4} and (ζ

(n)
i )i∈{1,2,3,4}.

We start with a lemma that explains how to express µδnZ2

[
∆rh(0)

∣∣E(n)(z(n) + λv)
]
for

any n in the sequence above. Set sn := δnbηr/(8δn)c.

Lemma 7.4. For every n, there exists a finite complex measure νn, supported on [0, 1],
such that, for any λ ∈ δnZ such that λ > −sn,

µδnZ2

[
∆rh(0)1E(n)(z(n)+λv)

]
=

∫
[0,1]

(1− α)(λ+sn)/δn dνn(α). (122)

Moreover,

‖νn‖TV ≤ C µδnZ2 [E(n)(z(n))] (123)

for a constant C = C(η, r,M) <∞ that depends only on η, r and M , but not on n.

Proof. We fix n and omit it from notation, with the notable exception that we will still
write νn for the measure we are aiming to construct. Recall the definition of ∆̃rh(0) and set

X := ∆̃rh(0)1E−(z), (124)
Y := 1E+(z−sv). (125)

where

E+(z) :=
⋂
i∈I

Ei(zi) and E−(z) :=
⋂

i∈{1,2,3,4}\I

Ei(zi). (126)
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For any λ as above, the spatial Markov property enables us to write that

µδZ2

[
∆rh(0)1E(z+λv)

]
= µδZ2

[
∆̃rh(0)1E(z+λv)

]
(127)

= µδZ2

[
X τ(λ+s)v(Y)

]
(128)

=

∫
[0,1]

(1− α)(λ+s)/δ dνn(α), (129)

where νn the pushforward under t 7→ 1 − t of the full-plane spectral measure in (109).
Moreover, the corresponding total-variation bound is given by (110):

‖νn‖TV ≤ µδZ2 [XX†]1/2 µδZ2 [Y†Y]1/2. (130)

Let us bound the right-hand side. First, Lemma 4.4 gives

µδZ2 [YY†] ≤ C µδZ2 [E+(z− sv)]2 = C µδZ2 [E+(z)]2, (131)

where C is some constant depending on M and η, but not on δ.
Second, Cauchy-Schwarz and the Lemmas 4.4 and 4.1 give

µδZ2 [XX†] = µδZ2 [E− ∩E†−]µδZ2 [∆̃rh(0)(∆̃rh(0))†|E− ∩E†−]

≤ µδZ2 [E− ∩E†−]

√
µδZ2 [(∆̃rh(0))2|E− ∩E†−]µδZ2 [[(∆̃rh(0))†]2|E− ∩E†−]

= µδZ2 [E− ∩E†−]µδZ2 [(∆̃rh(0))2|E− ∩E†−]

≤ C µδZ2 [E−]2,

where the equality is by symmetry of the model, and where once again C depends on M
and η, but not on δ. Plugging the two previous bounds in (130) and using Lemma 4.4 one
last time gives

‖νn‖TV ≤ µδZ2 [E+]µδZ2 [E−] ≤ C µδZ2 [E(z)], (132)

thus concluding the proof. �

We return to the proof of Proposition 7.2 and remind the reader that we are looking
to contradict (120). Consider the measure νn obtained in the previous lemma via (122).
Introduce

dν̃n(α/δn) :=
1

µδnZ2

[
E(n)(z(n))

] dνn(α) (133)

and the functions

ϕn : λ 7→
∫
R+

(1− δnα)(λ+sn)/δn dν̃n(α).

Now, (123) implies that ‖ν̃n‖TV ≤ C for all n. The functions ϕn are therefore holomorphic
and uniformly bounded on the domain U = {z ∈ C : Re(z) > −ηr/16}. By Montel’s theo-
rem, we know that this sequence of functions is relatively compact for uniform convergence
on all compacts of U .

We reach a contradiction as follows. Note that (122) reads

ϕn(λ) =
µδnZ2

[
E(n)(z(n) + λv)

]
µδnZ2

[
E(n)(z(n))

] µδnZ2

[
∆rh(0) |E(n)(z(n) + λv)

]
. (134)

Lemma 4.4 and our assumption on the sequence ζ(n) imply that

c ≤
µδnZ2

[
E(n)(z(n) + λv)

]
µδnZ2

[
E(n)(z(n))

] ≤ C, (135)
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for constants c, C > 0 that are uniform in λ ∈ [0, b] ∩ δnZ and in n. As such, (120) yields

lim
n→∞

sup
λ∈[a,b]∩δnZ

|ϕn(λ)| = 0. (136)

Any subsequential scaling limit of the sequence (ϕn) therefore vanishes on [a, b], so must be
identically equal to zero. This means that the (ϕn) actually converge uniformly to zero on
each compact of U , and therefore (ϕn(0)) converges to zero as n tends to infinity. However,
this is in direct contradiction with the fact that

ϕn(0) = µδnZ2 [∆rh(0)|E(n)(z(n))],

whose modulus remains, by (121), larger than ε for every n. This concludes the proof.

8. Proof of the harmonicity theorem (Theorem 1.3)
8.1. Proof of Theorem 2.5

We are now ready to explicitly define the exploration appearing in Theorem 2.5 and the
associated notion of successful outcome. Recall the exploration E of Section 5 consisting of

• the realisations F1, . . . , F4 of the flower domains F1, . . . ,F4 in each rectangle
R1, . . . , R4;
• the realisations (ξ, τ) of h4 and ω+ on each Fci ;
• the realisation ξ of h4 on U .

Also recall that all notions above depend on η > 0.
Fix ε > 0 and M ≥ 1. We call a realisation Exp of E (ε,M)-successful if the following

hold:
• E is successful in the sense of Proposition 5.1,
• for each i ∈ {1, . . . , 4}, oscillation(ξ|∂Fi) ≤M ,
• µδZ2 [∆̃rh(x)2 | E = Exp] ≤ M

ε and
• µδZ2 [∆̃rh(x)2 | Fi = Fi and (h4, ω

+)|∪iFi = (ξ, τ+)] ≤ M
ε .

We will first prove that, for any ε > 0, there exists η = η(ε) > 0 and M = M(η, ε) ≥ 1
such that

µδZ2 [E is (ε,M)-successful] ≥ 1− 4ε. (137)

We will then show that, for this notion of successful exploration, (27) holds. Together,
these facts will prove Theorem 2.5.

Proof of Theorem 2.5. Fix ε > 0. Let η > 0 be sufficiently small that

µδZ2

[
E is successful in the sense of Proposition 5.1

]
≥ 1− ε, (138)

for δ small enough.
Now, Lemma 4.1 implies that

µδZ2

[
µδZ2 [∆̃rh(x)2 | E ]

]
≤ C, (139)

for some universal constant C > 0. Thus, for any M ≥ C/ε2, we conclude by the Markov
inequality that

µδZ2

[
E is such that µδZ2 [∆̃rh(x)2 | E ] ≥M/ε

]
≤ ε. (140)

The same holds for the measure conditioned only on the Fi.
Finally, by Lemma 3.9, we may also choose M sufficiently large that

µδZ2 [oscillation(ξ|∂Fi) ≤M, ∀i] ≥ 1− ε. (141)

The three displays above imply (137).
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We now turn to proving (27). Fix a (ε,M)-successful realisation Exp of E . Let us first
show that, for δ > 0 small enough,∣∣∣µδZ2

[
∆rh(x)

∣∣Fi = Fi and (h4, ω
+)|∪iFi = (ξ, τ+)

]∣∣∣ ≤ ε. (142)

We may not directly apply Theorem 2.2 here, as the conditioning is in terms of height
gradients and percolation configurations. This is easily overcome as follows. Recall the
fattened flower domain F+

i , obtained from Fi by exploring h4 on an additional layer of
faces. This additional information renders the conditioning on ω+ in Fci irrelevant for the
measure in F+

i . Thus, for δ > 0 sufficiently small, we have∣∣∣µδZ2

[
∆rh(x)

∣∣Fi = Fi and (h4, ω
+)|∪iFi = (ξ, τ+)

]∣∣∣
≤
∑
ζ

∣∣µδZ2

[
∆rh(x)

∣∣h4|∪iF+
i

= ζ
]∣∣× µδZ2

[
h4|∪iF+

i
= ζ
∣∣Fi = Fi, (h4, ω

+)|∪iFi = (ξ, τ+)
]

≤
∑
ζ

εµδZ2

[
h4|∪iF+

i
= ζ
∣∣Fi = Fi, (h4, ω

+)|∪iFi = (ξ, τ+)
]

= ε,

where the sum is over all possible realisations ζ of h4 on
⋃
i F

+
i . The bound of ε on the

expectation of ∆rh(x) under the conditioning on the heights in
⋃
i F

+
i is due to Theorem 2.2

and is valid for δ < δ0(ε, η,M). Indeed, here oscillation(ζ|∂F+
i

) ≤M + 3 due to the bound
on the oscillations of ξ.

We now extract the bound on ∆rh(x) under µδZ2

[∣∣ E = Exp
]
. Let P be a coupling of

h ∼ µδZ2

[
·
∣∣E = Exp

]
and h′ ∼ µδZ2

[
·
∣∣Fi = Fi and (h4, ω

+)|∪iFi = (ξ, τ+)
]

(143)

such that P[h = h′ on Λ2r(x)] ≥ 1− ε. Such a coupling exists by Proposition 5.1.
Then

|µδZ2

[
∆rh(x)

∣∣ E = Exp
]
| ≤
∣∣E[∆rh

′(x)]
∣∣

+
∣∣E[∆rh(x)1{h6=h′ on Λ2r(x)}]

∣∣+
∣∣E[∆rh

′(x)1{h6=h′ on Λ2r(x)}]
∣∣.

The first term is bounded by (142). Moreover, due to our assumed bound on the second
moment of ∆̃rh(x) and the Cauchy-Swartz inequality, we find

E
[
∆rh

′(x)1{h6=h′ on Λ2r(x)}
]2

= E
[
∆̃rh

′(x)1{h6=h′ on Λ2r(x)}
]2

≤ E
[
∆̃rh

′(x)2
]
P
[
h 6= h′ on Λ2r(x)

]
≤ ε.

The same inequality holds for the third term. In conclusion

|µδZ2

[
∆rh(x)

∣∣ E = Exp
]
| ≤ ε+ 2

√
ε.

This concludes the proof of Theorem 2.5, with altered values of ε. �

8.2. Proof of Theorem 1.3
We will now see how Theorem 2.5 implies Theorem 1.3. This is a rather simple conse-

quence of the weak-mixing (78) and of the L2 bound (61).

Proof of Theorem 1.3. Fix K,R, ε, r,G, ζ and points z, u2, . . . , un as in the statement of
the theorem. All constants below are allowed to depend on K, R, ε, r and n, but not on G,
ζ or the points z, u2, . . . , un that satisfy the requirements of the theorem.

Combining (78) and Theorem 2.5, we find that, for any c > 0, if δ > 0 is sufficiently
small ∣∣∣µζG[∆rh(z)

∣∣E that is successful
]∣∣∣ < c (144)

and

µζG
[
E is successful

]
> 1− c. (145)
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The difference with Theorem 2.5 is that E is sampled from µζG rather than the infinite
volume measure. Equation (144) is identical to (27), since the conditioning on E renders
the replacement of µδZ2 by µζG irrelevant. We will apply the above, with a value of c to be
decided below.

Now, as in the proof of Theorem 2.5, we need to bound the expectation of ∆rh(z) when
E fails to be successful. We do this using a series of L2 bounds. We have∣∣∆rµ

ζ
G[h(z)h(u2) . . . h(un)]

∣∣ ≤∣∣∣µζG[µζG[∆rh(z)|E ] · h̃r(u2) . . . h̃r(un) · 1E successful
]∣∣∣

+
∣∣∣µζG[∆̃rh(z) · h̃r(u2) . . . h̃r(un) · 1E not successful

]∣∣∣, (146)

where the notation h̃r(.) was introduced in (60). By the Cauchy–Schwarz inequality and
(144), we have

µζG
[
µζG[∆rh(z)|E ] · h̃r(u2) · · · h̃r(un) · 1Esuccessful

]2 ≤ c2µζG
[
h̃r(u2)2 · · · h̃r(un)2

]
≤ c2C,

for some constant C = C(K,R, ε, r, n) > 0 given by Lemma 4.3. Also

µζG
[
∆̃rh(z) · h̃r(u2) · · · h̃r(un) · 1Enot successful

]2
≤ µζG

[
∆̃rh(z)2h̃r(u2)2 · · · h̃r(un)2

]
µζG
[
E not successful

]
≤ cC.

Since c > 0 may be chosen after C, we may choose it so that cC ≤ (ε/2)2. Inserting the
bounds above into (146), we conclude (13). �

9. Boundary conditions for the height function
9.1. Statement of the result

Let D be a domain with k marked points a(1), . . . , a(k) on the boundary. Let ζ be
boundary conditions which are constant equal to ζ(i) on each arc (a(i)a(i+1)) (with the
convention that a(0) = a(k)), and such that for each i, |ζ(i+1)− ζ(i)| = 1. In the case k = 0
where there are no marked points on the boundary, denote simply by ζ(0) the constant
value of ζ on the boundary.

Proposition 9.1. For all r, η, ε > 0, there exists d = d(r, η, ε) > 0 such that the following
holds. Let D ⊂ δZ2 ∩ Λ1/η be a discrete domain with boundary conditions ζ as above, let
x0, x1, . . . , x` be points in D. Assume that:

• There exists some conformal map f : D → D such that the f(a(i)) are at least at
distance η from each other.
• The xi are at least at distance r from each other.
• The point x0 is at distance at most d from the boundary arc (a(0)a(1)), but at distance
at least r from the rest of the boundary ∂D\(a(0)a(1)) (in the case where there are
no boundary points this second condition is void).

Then, one has ∣∣∣µζD[h(x0)h(x1) · · ·h(x`)]− ζ(0)µζD[h(x1) · · ·h(x`)]
∣∣∣ ≤ ε.

Remark 9.2. Let us point out that the bound on the distance between the f(a(i)) also
imposes a bound on the number k of boundary points, notably k ≤ 2π

η .

The main challenge in proving this boundary result is extending our RSW estimates
to the boundary. This is the content of the following result. Note that in this result, we
assume that the arc (a(0)a(1)) is formed by a path of ω.

Proposition 9.3 (Boundary RSW). Take r, η, d > 0 as above. There is some c > 0 such
that the following holds. Let D ⊂ δZ2 ∩ Λ1/η be a discrete domain with boundary conditions
ζ as described above. Assume that:
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• There exists some conformal map f : D → D such that the f(a(i)) are at least at
distance η from each other.
• The point x0 is at distance at most d from the boundary arc (a(0)a(1)), but at distance
at least r from the rest of the boundary ∂D\(a(0)a(1)).

Then, there is some C = C(η) depending only on η such that

µζD[There is no circuit of ω inside Λr(x0) of height ζ(0) surrounding x0] ≤ C(d/r)c.

Before proving this proposition, let us explain how it implies Proposition 9.1.

Proof of Proposition 9.1. Without loss of generality, assume that ζ(0) = 0. By Proposition
9.3, there is an event C of probability at least 1 − C(η)(d/r)c for some C(η), c > 0 such
that under this event, x0 is surrounded by a circuit of ω inside Λr(x0) of height 0. If this
occurs, conditionally on everything outside, the expectation of h(x0) is identically zero, so

µζD[h(x0)h(x1) · · ·h(x`)1C ] = 0.

Then, by Lemma 4.3 with r0 the distance from x0 to the circuit found in C and by
Cauchy-Schwarz, there is a constant C ′(r, k) such that∣∣∣µζD[h(x0)h(x1) · · ·h(x`)1Cc ]

∣∣∣ ≤ µζD[µζD[h(x0)h(x1) · · ·h(x`)|F ]2]1/2µζD[Cc]1/2 (147)

≤ C ′(r, k)C(η)1/2(d/r)c/2, (148)

where the σ-algebra F is the set of heights necessary to determine the event C. The
right-hand side can be taken arbitrarily small by taking d small enough in terms of r and η,
using the fact that k is bounded in terms of η. �

The section is organised as follows. In the next section, we derive Proposition 9.3 for
constant boundary conditions (i.e. k = 0). Then, we explain how to interpret constant by
parts boundary conditions with the help of the percolation process. Finally, we deduce
Proposition 9.3 in this setting.

9.2. Boundary RSW for constant boundary conditions
In the case of constant boundary conditions, the result is a direct consequence of RSW.

Proof of Proposition 9.3 for constant boundary conditions. Assume that the boundary con-
ditions ζ are constant, then they are given by a circuit of ω of height ζ(0). By FKG and
RSW for the measure µζ(0)

D , there are some universal c, C > 0 such that with probability at
least 1−C(d/r)c, there is a circuit of ω inside Λr(x0)\Λd(x0). Such a circuit intersects the
boundary ∂D so it has height ζ(0). �

When ζ is not constant, the apparent lack of FKG makes this result harder to prove.
We explain how to circumvent this in the next section. In this case, since the boundary
conditions ζ(i) have alternating parity, up to adding a global constant 1 to the heights, we
will henceforth assume that each ζ(i) has the same parity as its index i.

9.3. Constant by parts boundary conditions from the percolation
The goal of this section is to explain how to interpret boundary conditions which are

constant by parts as boundary conditions for the even height and percolation (h◦4, ω), in
order to keep some estimates from RSW and FKG all the way to the boundary. There are
essentially two hurdles to overcome. The first one is that although a path of ω gives weight
1 to boundary vertices of type c, this is not the case for paths of ω?. Therefore, on the odd
arcs (a(i)a(i+1)), we cannot simply express the boundary conditions using (h◦4, ω). Secondly,
boundary arcs of different heights must not connect, and the odd boundary clusters must
have certain fixed spins, which introduces additional factors.
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We start with the first issue. Let D be a domain with boundary conditions ζ which are
constant by parts. For each edge e between odd vertices on the boundary, let h◦e ∈ {0, 2}
be a formal height modulo 4 associated to edge e, denote by h◦∂ the tuple of all h◦e. Given a
value of h◦∂ , let ζ(h◦∂) be the boundary conditions defined as follows (see Figure 14, Left):

(1) The arcs (a(i)a(i+1)) with even i are formed by a path of ω, with height h◦4 ≡ ζ(i)
(mod 4).

(2) The arcs (a(i)a(i+1)) with odd i are formed by a path of ω?, and outside of each
edge e of the boundary (a(i)a(i+1)) lies the height h◦e modulo 4, which interacts with
the height on the inner side of e.

Let us define µζ̄D to be the six-vertex measure conditioned on having the correct even
height h◦4 on the even arcs (a(i)a(i+1)), and being of constant odd height h• on each of
the odd arcs (a(i)a(i+1)), and with boundary weight c∂ = 1. The only difference with µζD
is that we do not fix the odd heights on the boundary. Let E be the event that no two
arcs (a(i)a(i+1)) of different heights are connected. Then, one can connect these different
measures in the following way.

Lemma 9.4. There are values Zζ(h
◦
∂)

D ≥ 0 such that the following equality of measures holds

µζ̄D[•] =
1

Z ζ̄D

∑
h◦∂

Z
ζ(h◦∂)

D µ
ζ(h◦∂)

D [•],

where Z ζ̄D :=
∑

h◦∂
Z
ζ(h◦∂)

D is such that both sides are probability measures. Furthermore,
there exists a random variable X ∈ [2−k, 1] such that

µζD[•] =
µζ̄D[• ·X|E ]

µζ̄D[X|E ]
.

Proof of Lemma 9.4. Let us start by proving the first equality of measures, where the
Z
ζ(h◦∂)

D are the partition functions of the corresponding measures, so that Zζ(h
◦
∂)

D µ
ζ(h◦∂)

D [•] is
the weight of a configuration. The only difference between the measures on both sides is
the weight on the boundary. For the height h4, on the left-hand side, one has

µζ̄D[h4] ∝ cN(h4),

where N(h4) denotes the number of vertices of type 5 or 6 in h (which is measurable in
terms of h4). On the right-hand side, for each edge e of the boundary, writing h4(e) for the
height h4 on the face inside the domain and adjacent to e, we have

1

Z ζ̄D

∑
h◦∂

Z
ζ(h◦∂)

D µ
ζ(h◦∂)

D [h4] =
1

Z ζ̄D

∑
h◦∂

cN(h4)
∏

e∈∂eoddD
(c− 1)1(h4(e)=h◦∂(e))

=
cN(h4)

Z ζ̄D

∏
e∈∂eoddD

∑
ε∈{0,2}

(c− 1)1(h4(e)=ε)

= cN(h4) · c
|∂eoddD|

Z ζ̄D

.

where |∂eoddD| is the total number of edges e on the odd boundary arcs of D. Since both
sides are probability measures and are proportional, they must be equal.

Let us now move to the proof of the second equality of measures. The only difference
between the measures µζD and µζ̄D is that the former requires certain heights on the boundary.
Let Σ∂ be the event that the heights on the boundary are those given by ζ, then µζD is
simply the measure µζ̄D[·|Σ∂ ]. Under this measure, notice that the event E is automatically
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Figure 14. Left:In order to imulate boundary conditions with boundary
weight 1 on an odd path while only conditioning on (h◦, ω), one can do
the following: take a formal height h◦∂ modulo 4 outside D for each medial
medial vertex, and average out over all values of the spins. Then, for any
configuration inside, each boundary vertex receives a weight 1+c

2 .
Right: In red, an example of interfaces of ω which satisfy E . The event E
corresponds to the existence of certain paths of ω between even parts of the
boundary (in blue). Notice that conditioning on these primal paths does not
necessarily determine the interfaces, since for example two of the interfaces
in red can be rewired to become the dotted interfaces in green, while still
being coherent with the blue paths. This makes the number of boundary
clusters of ω? go from m = 4 to m = 5.

satisfied (since clusters of ω? have constant spin). Conversely, given a configuration (h◦4, ω)
satisfying E , Proposition 3.4 ensures that each boundary cluster of ω? takes the correct
spin with probability 1

2 . Therefore, if m ≤ k is the (random) number of boundary clusters
of ω?, then taking X = 2−m gives the desired result. See Figure 14 on the right for an
illustration of the event E . �

9.4. Boundary RSW for constant by parts boundary conditions
Before proving Proposition 9.3, let us first show the following result.

Lemma 9.5. For all η > 0, there is a constant c(η) > 0 such that the following holds. Let
D be a domain with boundary conditions ζ as in the start of the section, and assume that
there is a conformal map f : D → D such that the f(a(i)) are at distance at least η from
each other. Then, for all formal boundary heights h◦∂, one has

µ
ζ(h◦∂)

D [E ] ≥ c(η).

Proof. Consider the arcs (a(i)a(i+1)) with even i, and consider a maximal plane partition
P of these arcs, in such a way that each part of the partition contains only arcs with the
same boundary value ζ(i). By planar, we mean that if even arcs A1, A2, A3, A4 are in this
order around the boundary, then it cannot be that A1, A3 belong to some part P ∈ P and
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arcs A2, A4 belong to part P ′ 6= P . By maximal, we mean according to the inclusion order
of partitions, there may be multiple such maximal partitions.

Now, for each pair A,A′ of even arcs in the same part P ∈ P, construct a topological
rectangle RA,A′ ⊂ D, in such a way that

• Each topological rectangle RA,A′ has opposite sides f(A) and f(A′), with conformal
length bounded from above by some constant C(η) depending only on η,
• Two topological rectangles corresponding to different parts do not intersect.

The existence of these rectangles is ensured by the condition on the f(a(i)), and by the
planarity of the partition. Now, consider the event E ′ that each conformal rectangle
f−1(RA,A′) is crossed by a path of ω. For each part P ∈ P , conditionally on the even spin
and percolation outside of ∪A,A′∈P f−1(RA,A′), Corollary 3.6 ensures that each rectangle
f−1(RA,A′) is crossed by a path of ω with positive probability c(η), and since all of the
A ∈ P have the same boundary value, all these paths of ω have the same spin, so Proposition
3.3 ensures that all arcs of P are connected with positive probability. See Figure 15 on the
right for an illustration.

Now, we claim that the event E ′ is contained in the event E , which would conclude the
proof. To prove this, we need to show that if B and B′ are two odd arcs with different
boundary values, then there must be two even arcs A and A′ in the same part of P such
that A,B,A′, B′ are in this order around the boundary, see Figure 15, Left. Assume that
this is not the case. We split the boundary D at B and B′ into two parts D1 and D2. By
contradiction, each part P ∈ P only contains arcs in one of the Di, and any such partitions
are naturally ordered, in the sense that P is inside P ′ if any A ∈ P has an A1 ∈ P ′ to
one side of Di and an A2 ∈ P ′ to the other side. When moving from B to B′ along one
of the Di and reading off the heights of the outermost parts, every height h between the
boundary value at B and that at B′ must appear. Therefore, if h is such a height, there
is an outermost part Pi in each respective Di which has boundary value h. But then by
maximality, these parts Pi would have to be the same (since otherwise one could replace
them with the union P1 ∪ P2), which leads to a contradiction. �

As a direct consequence of these lemmas, we get the following.

Proof of Proposition 9.3 for non constant boundary conditions. Let C be the event that
this circuit exists. Given a configuration h◦∂ , by Proposition 3.3, the measure µζ(h

◦
∂)

D
has RSW and FKG for the even heights and percolation (h◦4, ω). By RSW and FKG, as
in the proof of the Proposition in the constant boundary case, the event Cc happens with
probability at most C(d/r)c under µζ(h

◦
∂)

D , for some universal constants c, C. By Lemma 9.5,
the event E happens with positive probability at least c(η) > 0 under boundary conditions
ζ(h◦∂), so one has

µ
ζ(h◦∂)

D [Cc|E ] ≤ c(η)−1C(d/r)c.

By Lemma 9.4, µζD is an average of the measures µζ(h
◦
∂)

D [·|E ], so the result follows. �

10. Proof of GFF convergence (Theorem 1.4)
Before diving into the proof of Theorem 1.4, we prove certain qualitative results on the

correlation function.

10.1. Hölder continuity of correlation functions
Let us first prove that the correlation functions are Hölder continuous away from the

boundary.

Proposition 10.1. There exists a constant c > 0, and for all positive M a constant
C = C(M) > 0 such that the following holds. Take ε, r > 0, and let δ > 0 be small enough
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Figure 15. Left: An illustration of the argument that two odd arcs of
different heights must be separated by a part P ∈ P. The parts are show
by paths in blue, the two arcs of heights 1 and −1 in red must necessarily
have, on each part of the boundary between them, an outermost part of
height 0, these two parts must then be connected by maximality of P.
Right: Given the parts, one can find topological rectangles such that the
sets ∪A,A′∈PRA,A′ (here in red) are disjoint, the existence of crossings of
these rectangles implies that all arcs in the same part are connected.

in terms of ε, r,M . Let D ⊂ δZ2 be a discrete domain with boundary conditions ζ such
that |ζ| ≤M . Assume that x1, x

′
1, x2, x3, . . . , xk are points in D. Assume x1 and x′1 are at

distance at most ε from each other, and assume that all of the xi are at distance at least r
from each other, and that x1 is at distance at least r from ∂D. Then,∣∣∣µζD[h(x1)h(x2) · · ·h(xk)]− µζD[h(x′1)h(x2) · · ·h(xk)]

∣∣∣ ≤ C(ε/r)c.

Proof. We rewrite the left-hand side as the expectation µζD[(h(x1)− h(x′1))h(x2) · · ·h(xk)].
Assume that r ≥ 4ε, and consider the event C that there is a circuit of ω in the annulus
Λr/2(x1)\Λ2ε(x1) going around Λ2ε(x1). On the event C, conditionally on the heights
h(x2), . . . , h(xk) which depend only on faces outside Λr/2(x1), the expected values of h(x1)
and h(x′1) are both equal to the height of the circuit of ω. Therefore,

µζD[(h(x1)− h(x′1))h(x2) · · ·h(xk)1C ] = 0.

Since the box Λr/2(x1) does not intersect the boundary ∂D, by RSW , the event C
occurs in µζD with probability at least 1− C(ε/r)c for some universal constant c and some
C = C(M) > 0. The contribution of the event Cc is then controlled by Cauchy-Schwarz
and Lemma 4.3. . �

10.2. Correlation functions when merging points
In this section, we show the following result which explains how the correlation functions

behave in the limit when two points get close. Note that the points 1 and 2 chosen in the
statement are completely arbitrary and may be replaced by any other non-zero points of
R2 up to changing the constant C.

Proposition 10.2 (Merging of two-point correlations). There exists a universal constant
C > 0 with the following properties. Let r ≥ 1 and let D ⊂ Z2 be a simply connected domain
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with Λr ⊂ D ⊂ Λ2r. Let ζ be any admissible boundary condition on D with |ζ| ≤M ∈ Z≥1.
Then for any x ∈ [−r/2, r/2]2, we have∣∣∣µζD[h(0)h(x)]− µZ2 [(h(0)− h(re1))(h(x)− h(2re1))]

∣∣∣ ≤ C ·M2. (149)

Proof. Recall Equation (404) in [23]. Both expectations can be calculated as follows:
• Explore the largest ω+-circuit γ surrounding 0 and x,

– Within D (in the fixed boundary case), and
– Not surrounding re1 and 2re1 (in the full-plane case).

Then both expectations are equal up to an additive term of order O(M2), plus
X0,x(A), where A is the domain bounded by γ.

To prove the proposition, it suffices to prove that

µζD[X0,x(A)]− µZ2 [X0,x(A)] = O(M). (150)

This is straightforward from the RSW estimates and the Lipschitz property of X0,x(A),
established in [23, Equation (406)]. �

10.3. Tightness of the correlation functions
In order to work with continuous correlation functions instead of discrete ones, let us

define h̄ to be the averaged out height function, defined as follows. If δ is the mesh size of
the lattice under consideration, for x ∈ R2, set h̄(x) :=

∮
∂Bδ(x) h(y)dy the average of h on a

circle of radius δ around x. The main advantage of h̄ is that it is automatically Lipschitz,
thus continuous.

Throughout the rest of the proof, let Dδ be a sequence of domains in δZ2 converging
to some domain D ⊂ R2 as in Theorem 1.4. We will use all the notations of the theorem,
including the marked points a(i)

δ and boundary conditions ζδ(i). Throughout this part, we
will set

Dk(D) := {(u1, . . . , uk) ∈ Dk|∀i 6= j, ui 6= uj}
to be the set Dk of the introduction, defined for the continuum domain D. Let us point
out that an exhaustion of compacts of Dk(D) are the compacts

Kε := {(u1, . . . , uk) ∈ Dk|∀i 6= j, dist(ui, uj) > ε and ∀i, dist(ui, ∂D) > ε}.

The following result is an immediate consequence of the Hölder regularity of Proposi-
tion 10.1, and thus we omit its proof.

Proposition 10.3 (Tightness of the correlation functions). Let Dδ be a sequence of domains
in δZ2 converging to some domain D ⊂ R2 in the sense of Theorem 1.4. Let k be a positive
integer. For each δ > 0, define the k-point correlation function

Φδ
k : (x1, . . . , xk) ∈ (R2)k 7→ µζδDδ [h̄(x1)h̄(x2) · · · h̄(xk)]

Then, for every compact K of Dk(D), there is some δ0(K) > 0 such that the functions
((Φδ

k)|K)δ<δ0 are well defined and form a precompact set in (C0(K), || · ||∞).

Remark 10.4. Let us mention that by Proposition 10.1, for any compact K of Dk(D),
there is a constant C(K) such that for all δ small enough and (x1, . . . , xk) ∈ K,∣∣∣Φδ

k(x1, . . . , xk)− µζδDδ [h(x1)h(x2) · · ·h(xk)]
∣∣∣ ≤ C(K)δc.

Therefore, any result on the uniform convergence of Φδ
k on all compacts of Dk(D) implies

the same convergence result for the correlation functions µζδDδ [h(x1)h(x2) · · ·h(xk)]. We
shall work with the former due to the tightness result.
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10.4. Identification of the limit
We are now ready to show the convergence of the correlation functions. If D ⊂ R2 is a

domain, let ΓD be a Dirichlet boundary conditions GFF with variance 1. If D has marked
points a1, . . . , ak on its boundary with certain boundary conditions ζ(i), let Hζ be the
harmonic extension of these boundary conditions to the domain D.

Proof of Theorem 1.4. Identifying the k-point correlations and Remark 10.4 give the result
of Theorem 1.4 in the sense of convergence of correlation functions. Obtaining the con-
vergence in distribution of h is then a direct consequence of this result and of the Hölder
continuity of Proposition 10.1. The proof of this result is completely analogous to that in
[23, Section 8].

We therefore focus on identifying the k-point correlations. By Proposition 10.3, the
functions Φδ

k are precompact when restricted to any compact subset K of Dk(D). Therefore,
we may extract subsequential limits Ψk in the topology of uniform convergence in any
compact subset of Dk(D). It remains to show that all of the Ψk are unique and given by
the correlation functions of the desired GFF. Let us notice that for all k ≥ 1, the function
Ψk satisfies the following properties:

(1) By Theorem 1.3, Ψk is harmonic in each variable inside Dk(D).
(2) By Proposition 9.1, as x1 converges to a point on the boundary arc (a(i)a(i+1)) (or

to any point of the boundary if there are no marked points), one has

Ψk(x1, x2, . . . , xk)
x1→(a(i)a(i+1))−−−−−−−−−−→ ζ(i)Ψk−1(x2, . . . , xk).

(3) By Proposition 10.2, assuming that k ≥ 2, given fixed points (x2, . . . , xk) ∈ Dk−1(D),
there is a constant C(x2, . . . , xk) > 0 such that for all x1 close enough to x2, one
has ∣∣∣Ψk(x1, . . . , xk)− σ2GR2(x1, x2)Ψk−2(x3, . . . , xk)

∣∣∣ ≤ C(x2, . . . , xk),

where GR2(·, ·) is the full-plane Green’s function, and where we set Ψ0 := 1. Indeed,
this follows by exploring a flower domain around x1 and x2, using that proposition,
and noticing that the conditional expectation of h(x1)h(x2) is given by the full-plane
plus an error term of the order of the maximum square height on the flower domain
boundary.

We now show by induction on k that this characterises the Ψk as the correlation functions
ΨGFF
k of σ · ΓD +Hζ . When k = 0, we immediately have Ψ0 = 1 = ΨGFF

0 . Let us move to
the case k = 1. In this case, Ψ1 is a harmonic function on D, whose boundary conditions
on each arc (a(i)a(i+1)) are constant by parts and given by ζ. Furthermore, the function Ψ1

is bounded between the smallest and largest values of ζ, so it stays bounded around the
marked points a(i). Therefore, Ψ1 is a harmonic function with boundary values constant by
parts given by ζ, so Ψ1 = Hζ = ΨGFF

1 .
Assume now that k ≥ 2 and that for all ` < k, we have Ψ` = ΨGFF

` . Fix (x2, . . . , xk) ∈
Dk−1(D), and consider the function

F (x1) := Ψk(x1, . . . , xk)−ΨGFF
k (x1, . . . , xk).

Then, the function F is harmonic in D\{x2, . . . , xk}. Consider what happens when x1

converges to one of the other points, without loss of generality assume that it is x2. Then,
as x1 converges to x2, we may use the merging result, as well as the analogous result for
the continuum GFF to write

F (x1) = σ2GR2(x1, x2)Ψk−2(x3, . . . , xk)− σ2GR2(x1, x2)ΨGFF
k−2 (x3, . . . , xk) +Ox2,...,xk(1).

By induction, the first two terms cancel, so F is actually bounded around x2, and x2 is
therefore a removable singularity of F (this is for example a simple consequence of the fact
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that Brownian motion started from a point y 6= x2 almost surely does not pass through
x2). Therefore, F can be extended to a harmonic function on all of D. Furthermore, as
x1 converges to any boundary arc (a(i)a(i+1)), the function F converges to zero, and as x1

converges to any marked point a(i), the function F stays bounded (one can for example use
Lemma 4.3) . This forces the function F to be identically zero on all of D, which concludes
the induction step. �
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