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ABSTRACT. In this paper, we show that the height function of the six-vertex model in
simply connected domains with piecewise constant boundary conditions converges to
the Gaussian Free Field (GFF) with Dirichlet boundary conditions. This implies the
conformal invariance of the scaling limit of the model.

The argument relies on the full plane GFF convergence combined with Reflexion
Positivity and qualitative estimates. The proof works for a wide range of spectral
parameters A (among which A close to 0, and between —1 and —1/2) making this paper
the first instance of a conformal invariance result for a continuum of models. The paper
has consequences for other models, including the FK percolation with cluster-weight
q = 4 and the Ashkin-Teller model, which we will pursue in future work.
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1. Introduction

1.1. Motivation

For more than fifty years, it has been conjectured that the large-scale behaviour of lattice
models undergoing a continuous phase transition is described by quantum field theories
that are invariant under conformal transformations; see, for instance, the early works of
Patashinskii and Pokrovskii [50], followed by those of Polyakov [51, 52, 53|. Such quantum
field theories are known as Conformal Field Theories (CFTS), and their enhanced symmetry
makes them particularly amenable to analysis. In two dimensions, the conformal symmetry
is infinite-dimensional, and this abundance of local symmetries renders many planar CFTs
integrable, as revealed in the seminal work of Belavin, Polyakov, and Zamolodchikov [6, 7].
This observation led to a remarkably detailed understanding of two-dimensional CFTs and,
in turn, to a wealth of predictions for the critical behaviour of lattice models.

The physical predictions associated with these models suggest a path toward a compre-
hensive mathematical understanding of phase transitions in two-dimensional lattice models.
The program consists of two steps: first, to study the corresponding CFTs and extract, at
the continuum level, all the relevant information; second, to prove that the original lattice
models are indeed conformally invariant in the scaling limit.

The first step has been particularly successful. It is fair to say that the mathematical
understanding of CFT is now well underway, with spectacular progress having been made
in recent decades. The introduction of the Schramm-Loewner Evolution [56, 43] and
the Conformal Loop Ensembles [60, 61| (see also [48, 49]), as well as advances in the
mathematical foundations of CFT [18, 55, 37| have reshaped the field of 2D statistical
physics over the past thirty years.

By contrast, every advance toward the second step has been the result of a hard-fought
battle. Proofs of conformal invariance remain confined to a handful of specific models.
These include site Bernoulli percolation on the triangular lattice [62, 42, 11, 10], with
results ranging from Cardy’s formula to convergence toward SLE(6) and CLE(6); the Ising
and FK-Ising models [63, 14, 38, 13, 15, 8], where major advances include the analysis of
fermionic observables, the energy and spin fields, and convergence to SLE and CLE with
parameters 3 and 16/3; uniform spanning trees [44]; dimer models [40, 41]; and level lines
of the discrete Gaussian free field [57].

The present paper aims to change this picture. We provide the first proof of conformal
invariance for a broad class of models, namely the height function of the six-vertex model
with spectral parameter A ranging over whole intervals of possible values. In addition to
this, this result opens the way toward establishing conformal invariance for other important
families of lattice models, including the Ashkin-Teller model and the Potts model.

The proof follows a strategy pioneered by Kenyon in his work on dimers [40, 41]: one
identifies suitable observables associated with the height function and shows that they solve
a discrete analogue of an appropriate boundary value problem. In [40], correlations of the
height gradient were shown to be discrete holomorphic and to satisfy suitable boundary
conditions. Then, the scaling limit is identified as the solution to the corresponding boundary
value problem in the continuum. The same strategy has subsequently been successfully
implemented in [62, 63, 14, 44, 57| for other models. In the present setting, we prove that
multi-point correlations of the height function of the six-vertex model are approximately
pre-harmonic and we determine their behaviour near the boundary. This enables us to pass
to the limit as the lattice mesh tends to zero and thereby identify the scaling limit of the
multi-point correlations of the height function.

The proof of approximate harmonicity relies on a new argument based on the reflection
positivity (RP) of the model. More precisely, RP implies analyticity properties and a
Cauchy-Schwarz inequality that can be used to transfer the approximate harmonicity of
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FIGURE 1. The six possible local arrow configurations around a degree-four
vertex of the six-vertex model, together with their corresponding weights.

full-plane correlations established in [23| to correlations in simply connected domains. In
this sense, our result builds crucially on [23] and on the body of work leading up to it.

Interestingly, the paper fits the framework imagined by physicists consisting in first
proving translation, rotation and scale invariance before deriving conformal invariance.
Indeed, translation invariance was trivial, rotation invariance was obtained in |1, 25|, the
scaling limit in the full plane (which happens to be scale invariant) was derived in [23],
and finally conformal invariance is obtained in this paper. For the height function of the
six-vertex model, the present work can therefore be viewed as the final step in this program.

Let us conclude by mentioning that the approximate harmonicity result is particularly
robust and, as discussed at the end of this introduction, is expected to have applications
beyond the results established here. From a broader perspective, this paper provides a
stepping stone toward establishing conformal invariance for other lattice models.

1.2. Definition of the six-vertex model on discrete graphs

The six-vertex model is a probability measure on orientations of the edges of a graph
[4, 45]. A six-vertex configuration w* on a subgraph of the square lattice assigns an
orientation to each edge, subject to the ice rule: at every vertex of degree four, the number
of incoming edges equals the number of outgoing edges. In particular, there are precisely
six local arrow configurations compatible with this constraint, as depicted in Figure 1. The
six local configurations are grouped into three pairs, to which we assign positive weights a,
b, and c, referred to below as Boltzmann weights. We also introduce the spectral parameter

a4+ b? — ¢?

A = A(a,b,c) := 5ab . (1)

Configurations in finite domains. While the six-vertex model is often considered with
periodic boundary conditions, in this paper we work in finite domains. Let F' be a collection
of faces of Z? which is connected (here two faces are neighbours if they share a side) and
whose complement is connected. We associate with F' the graph G = (V, E') whose edge-set
FE is composed of edges separating two neighbouring faces of F', and whose vertex-set V is
made of the endpoints of these edges. The resulting graph has vertices of degree one, two,
or four. A six-vertex configuration on G is an orientation of edges in E satisfying the ice
rule at every vertex of V' of degree four.

From now on, we only consider a graph G obtained from a collection of faces F of the
square lattice! which is connected and whose complement is connected, as explained in the
previous paragraph. We call this a simply connected discrete domain.

Note that the set of faces of G is not F'. More precisely, except for the exterior face of G,
the other faces are indeed in F', but not all faces in F' are faces in G. We denote by 0G the
set of faces of F' that are not faces in G. It coincides with the collection of faces in F' that
are adjacent to at least one face of the square lattice outside F.

LOr as we will see below, of a rescaled version of the square lattice.
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FIGURE 2. A six-vertex configuration w* and its associated height function.

The height function of the six-vertex model. Every six-vertex configuration w* on
G naturally gives rise to an integer-valued height function h defined on F'. It is piecewise
constant on each face? and its increments between neighbouring faces are determined by the
orientation of the edge separating them: when crossing an edge of w*, the height increases
by 1 if the crossed arrow points to the right and decreases by 1 otherwise.

The ice rule ensures that these local increments are compatible around every vertex
and can therefore be integrated to define a height function on F'. The height function is
determined only up to a global additive constant, whereas its gradient is uniquely determined
by w*. Conversely, the arrow configuration can be recovered from the height increments
between neighbouring faces. Thus, modulo an additive constant, the height function and
the six-vertex configuration encode the same information.

Six-vertex measure with Dirichlet boundary conditions. Let ¢ be a height function
prescribed on 0G. The six-vertex measure on G with Dirichlet boundary condition C is
defined by

1

N1+N2y, N3+Ny N5+ N,
Pg;,a,bp[wx}' a1t NopyNa+Ny N5+ 6]lh|6c:0 (2)

i
ZG,a,b,c
where N; = N;(w™) denotes the number of degree-four vertices whose local arrow configura-

tion is of type ¢. The normalising constant Zé is the corresponding partition function,

a,b,c

chosen so that (2) defines a probability measure.
We emphasise that only degree-four vertices contribute to the Boltzmann weight. At

such vertices, the ice rule restricts the local configuration to one of the six types displayed

in Figure 1.

1.3. Basics on the Gaussian Free Field

We now turn to the description of the object that will ultimately arise as the scaling
limit. There are several equivalent ways to view the GFF, depending on the regularity one
wishes to impose on the field. For further background on the GFF, we refer to |59, 9]. Let
D C R? be a domain, that is, a non-empty connected open set. For n > 1, let

Dy(D) == {(u1,...,up) € D" : u; # uj for all i # j}. (3)

2Strictly speaking, this may assign two different values to an edge of G, and possibly as many as four
different values to a vertex of G. We disregard this minor ambiguity, since it has no effect on the results
below. It could, for instance, be resolved by fixing in advance any deterministic rule for selecting a value at
these exceptional points.
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We begin with the GFF with zero boundary conditions. Let Gp : D2(D) — R denote
the Dirichlet Green function in D. Thus, for each fixed y € D, the function = — Gp(z,y)
is harmonic on D \ {y}, vanishes as x approaches 0D, and satisfies

1
Gp(ey) = —5-logle —y| +O(1)  asz—y. )

Equivalently, Gp is symmetric and satisfies these properties in either coordinate.
By a finite-Dirichlet-energy generalised test function we mean a finite signed measure
supported in D such that

/ Gp(u,v)de(u) de(v) < co. (5)
DxD

The GFF is a random distribution, in the sense that it can be tested against a finite-
Dirichlet-energy generalised test function ¢. We set

T.¢) = /D P (u)dp(u). (6)

Definition 1.1 (GFF with zero boundary conditions). The zero-boundary GFF I'? can then
be characterised as follows: for every finite family ¢ = (¢1, ..., ¢y) of finite-Dirichlet-energy
generalised test functions, define the n x n matrix ¥(p) by

() = / [ Go(u,0)dgi(w) g v). (7)
Then

(TP, )7, ~ N(0,5(p)). (8)

This specifies the law of I' as a centred Gaussian generalised function with covariance kernel

Gp.

Away from the diagonals, the multipoint correlation functions of the zero-boundary GFF
are given by Wick’s formula. Namely,

Uy :Dp(D) — R, (ur,..un) — Y [ Golui,uy), (9)
T {ij}en
where the sum runs over all pairings = of {1,...,n}, that is, over all partitions of {1,...,n}

into sets of cardinality two. In particular, ¥,, = 0 whenever n is odd, since in that case no
such pairing exists.

More generally, the GFF in D with boundary conditions ¢ and variance o2, denoted by
FD’C"’Q, is obtained by setting

6o .= 6T 4 He, (10)

where H¢ denotes the harmonic extension of ¢ to D. Here and throughout, we implicitly
assume that ¢ admits a harmonic extension to D that extends continuously to 0D with
boundary values ¢. Note that (I?$° ) is a multivariate Gaussian random variable with
averages given by (H¢, ) := ((H¢, ¢i))1<i<n and variance o2¥(¢p).

Proposition 1.2 (Conformal invariance of the GFF). The family of Gaussian free fields
with Dirichlet boundary conditions is conformally invariant in the following sense. Let
f :D — D be a conformal bijection, and let ¢ be a continuous function on OD. Then the
push-forward under f of the GFF in D with boundary conditions  has the same law as the
GFEF in D' with boundary conditions ¢ o f~1.
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1.4. Main results of the paper

This article applies to a certain range of triples (a, b, c), subject to several restrictions.
The first, and most immediate, was already alluded to above. When A < —1, the height
function of the six-vertex model is localised, as proved in [21, 54, 35], whereas it is expected
to be delocalised for A € [—1,1) (this is proved in some special cases [12, 35, 46, 22, 34]).
We therefore restrict our attention to triples (a, b, c) for which A € [—1,1).

As explained later, we require that a = b as we are currently unable to derive the proper
RSW theorems for anisotropic models. We do expect that this independent question can
be addressed, which would enable us to generalise our result. In this paper, we nevertheless
restrict our attention to the case a = b and assume without loss of generality that they
are equal to 1. Below, we index the model by the parameter A, which is in one-to-one
correspondence with ¢, the only remaining free parameter once a and b are fixed at 1. We
say that the model is isotropic.

A third restriction on the range of parameters arises from our use of positive association
for the so-called spin representation of the six-vertex model (see below). This requires us
to assume that ¢ > 1, i.e. A <1/2.

The fourth restriction is more delicate. We require that the scaling limit of the full-plane
six-vertex height function be a Gaussian Free Field (GFF). More precisely, let Esz2 denote
the unique flip-symmetric Gibbs measure of the six-vertex model (see [23] for the definition).
Under this measure, a six-vertex height function h can be defined up to an additive constant.
We say that the scaling limit of the siz-vertex height function (of spectral parameter A) is
the GFF if, for every collection of distinct points uy,u}, ..., u,,ul, € R?,

Eszz [(h(u1) — h(uy)) - (h(un) — h(uy,))]

converges, as ¢ tends to zero, to the corresponding multi-point correlations of the full-plane

GFF with variance

9 2
7 T arccos A
Such a convergence result has been established in [23] for every A € [-1,—1/2], and in
[33] for A € [~Ay, Ag], where Ag > 0 is a sufficiently small constant.

It is noted in 23] that the range of parameters for which full-plane GFF convergence
could be established is potentially considerably larger, essentially the only missing ingredient
being a rotational-invariance result analogous to that of [1]. In view of this, we state the
main results of this paper in the following general setting.

Let

Ict = {A <1/2: the full-plane 6V height function’s scaling limit is the GFF}.  (11)
As explained above, (—1,—1/2] U [-Ag, Ag] C Icr (where Ag is as in [33]).

1.4.1. Harmonicity of the multi-point correlations of the isotropic six-vertex model

The first result, which represents the core of our paper, states that multi-point correlations
are approximately pre-harmonic (in the sense that the circle averages around a point are
close to the value at the point) in each coordinate.

To state our result, introduce, for a reasonable function F' on R?, z € R?, and r > 0, the
Laplacian

A F(z):=F(z2) — 7({93 ( )F(v)dv, (12)

3In [33], convergence to the full-plane GFF is established, but the variance of the limiting GFF is not
identified explicitly. Nevertheless, since the limiting correlations are rotationally invariant, independently of
the value of o2, one may use the main result of [23] to identify the variance.
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where § means the average on the circle. Except if otherwise stated, we always think of A,
as acting on the function following it with z as the variable. Recall that we are consider
the model with a=b = 1.

Theorem 1.3 (scaling limit of the isotropic six-vertex model). For every K, R,r,e,n > 0,
there exists 69 = do(K, R, r,e,n) > 0 such that for every A € Icy, the following holds true.
For every 6 € (0,80), every simply connected subgraph G of 672 with Ar ¢ G, every n faces
Z,U2, ..., Un € GN AR at a distance at least 1 from 0G, and a distance between 1 and K
from each other, and any boundary conditions { on OG satisfying sup{|¢(u)| : u € G} < K,
we have

|AVE [h(2)h(us) . . h(uy)]| < . (13)

Note that the notion of “approximate harmonicity” used here does not live at the scale
6 of the original graph, but rather at the macroscopic scale. This differs from exact
pre-harmonicity or pre-holomorphicity obtained in [40, 41, 63, 14].

The approximate harmonicity result is quite robust. More generally, it can be used to
establish harmonicity (in the variable z) of certain observables whenever one can explore
an annulus around z and “discover” a path of heights with uniformly bounded variation. In
particular, the argument should extend to cylindrical and toroidal geometries, as well as
to more general boundary conditions, provided that these do not substantially alter the
qualitative behaviour of the model.

1.4.2. Carathéodory convergence

From now on, the results involve certain approximations (on the lattice §Z2) of a domain
D. We therefore discuss this in more detail now.

Our aim is to approximate a simply connected domain D C R?, possibly together with
marked boundary points aW, ..., a®) € 9D, listed in clockwise order (below, consider the
case of no marked point as k = 0). Although our results apply in a more general setting, we
restrict ourselves to simply connected domains in order to avoid unnecessary technicalities.

Our proof is compatible with a wide variety of discrete approximations, but we adopt the
following setup for definiteness. We consider simply connected discrete domains defined as
follows. They are subgraphs Ds of §Z? obtained as follows: consider an edge-self-avoiding
non-self-crossing polygon, which we denote 0D;s. To simplify the discussion below, we
consider that when the polygon turns, the turns are infinitesimally roundish. Then, D; is
the set of medial faces enclosed by 0Ds.

Let Ds be simply connected discrete domains, viewed as unions of faces of §Z2, and let
a((;l), . ,a((sk) be marked boundary vertices (of the graph associated with this set of faces,
see the definitions above) that lie on the boundary of Ds, seen as a domain of R?.

We say that (Dy; agl), .. ,a((;k)) converges to (D;a), ..., a®) in the Carathéodory sense
if there exist conformal bijections

f52D5—>D and f:'D—)]D) (14)

such that every compact subset of D is contained in Dy for all sufficiently small §, fs
converges to f uniformly on every compact subset of D, and such that

f(s(agj)) — f(aV) for every j =1,...,k. (15)

Here, the conformal maps are understood to be continuously extended to the marked
boundary points (which are considered as prime ends in the case of D).

1.4.3. Convergence of the height function in piecewise even/odd domains

Recall that Theorem 1.3 implies that Eg [h(z)] is approximately harmonic on large graphs.

Consequently, any subsequential limit, along a sequence for which the functions E%a [hs ()]
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converge uniformly on compact sets, is harmonic. In particular, for suitable choices of Dg
and (g, if one can establish convergence of the expected height function near the boundary,
then one can obtain convergence of the six-vertex height function throughout the domain.
This can be achieved in certain cases. We mention one here, which is important both for
the six-vertex model and for related models, such as the Ashkin-Teller model.

Fix a chessboard colouring, in black and white, of the vertices of §Z%. A simply
connected discrete domain Dy is called piecewise even/odd if there exist medial edges
a((;o), . ,a((sk) = a((so) partitioning 0Dy into arcs (a((;)agzﬂ)), such that every face of Dy

adjacent to the arc (a((;)a((;iﬂ)) is black when i is even and white when i is odd.

We say that boundary conditions (5 on Dj are piecewise constant if (5 is constant on the

faces bordering each boundary arc (a((gi) agiﬂ)), for 1 <i < k. We denote by (s(i) the value

of (s on the arc (agi)a((;iﬂ)). Notice that the boundary values on two consecutive arcs differ
by +1.
We are now in a position to state the following theorem, which states the convergence of

hs in this context.

Theorem 1.4 (Scaling limit in even domains). Let A € Icy. Let D be a simply connected
domain and let  be a piecewise constant boundary function whose jumps, occurring at marked
boundary points aV, ... a®) are all equal to £1. Let (i) be the value on (a¥),ali*V).

Consider piecewise even/odd simply connected discrete domains (Dg,agl), e ,a((;k)) on
872 converging to (D, a®, ..., a(k)) in the Carathéodory sense, and (5 piecewise constant
boundary conditions ((i) on faces adjacent to the arcs (agi)agiﬂ)).

Then, hs on Ds converges, as & tends to zero, to the GFF on D with boundary conditions
¢ and variance

9 2
~arccos A’ (16)

More precisely, for any n > 1, the n-point correlations of hs converge, as § tends to zero,
uniformly on compact subsets of Dy (D) to the n-point correlations of the corresponding
GFF. Furthermore, for any family ¢ = (p1,...,¢n) of finite Dirichlet energy generalised
test functions, the law of ((hs, i) converges weakly to N'(((He¢,¢:))i, 0*S(p)) as § tends
to zero.

For the six-vertex model on a piecewise even/odd domain Ds, every vertex of 9Dy which
is not one of the a((;) has degree two. Such vertices therefore carry no non-trivial Boltzmann
weight. Even domains with piecewise constant boundary conditions arise naturally when
exploring the so-called percolation representation of the six-vertex model, which we introduce
in Section 3. It is also natural to ask what happens when one explores level lines of the
six-vertex model, or interfaces arising from FK percolation. In these settings, the boundary
conditions are constant, but non-trivial weights may be associated with the degree-two

boundary vertices.

1.5. Discussion
1.5.1. Generalisations of our result

One may wonder why we restrict ourselves to piecewise even/odd simply connected dis-
crete domains and to the associated piecewise boundary conditions. Several generalisations
are conceivable.

Simple connectedness is not essential per se. The main point that would need to be
adapted is the notion of Carathéodory convergence, which can be extended to this setting
without substantial difficulty. One can also extend the harmonicity result and the GFF
convergence to the cylinder, see [24] for details. A generalisation to the torus also appears
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within reach, but it raises the problem of estimating the leading eigenvalues of the first
blocks of the so-called transfer matrix and therefore relies on delicate results from the Bethe
Ansatz [26].

The case a # b is probably reachable under the constraint that a,b < c. In this case,
one still benefits from an FKG inequality for the absolute value of the height function,
which is a core ingredient in our proof. The additional difficulty compared to the isotropic
case a = b = 1 comes from the fact that we do not currently know the relevant RSW
estimates. Still, these estimates seem within reach. Assuming such qualitative estimates,
one can derive the conformal invariance once the lattice Z? is embedded in such a way that
each square becomes a rthombus with a given angle o depending on a, b, ¢; see [23] for more
details.

As for the boundary conditions, Theorem 1.3 shows that multi-point correlations are
harmonic in each coordinate, provided that the boundary conditions remain bounded. The
main difficulty in deriving a convergence result for general such boundary conditions is
twofold.

First, one needs to understand the behaviour of the mean height function, that is,
the one-point correlation. This can be achieved for certain specific classes of boundary
conditions. For instance, one may allow several of the points a((;z) to converge to the same
point in the scaling limit, while keeping k fixed. Another possibility is to consider domains
whose boundaries consist of horizontal and vertical segments, with boundary conditions
alternating between two values along boundary arcs of macroscopic length.

Second, one would need to estimate the boundary conditions of multi-point correlations,
i.e. the behaviour of the correlations when one of the points approaches the boundary. In
order to prove this result, one should extend the boundary mixing result Proposition 9.1.
While this can probably be done, this requires a new argument.

Notice that the preceding two points are independent. Even when the limit of the
expected height cannot be identified, once boundary mixing has been established, one
may still centre the height function hs by subtracting its expectation, namely by setting
hs(x) = hs(x) — E%é [hs(x)]. The centred height function hs then has the GFF in D with
zero boundary conditions as its scaling limit.

1.5.2. Conformal invariance of other lattice models

The conformal invariance of the six-vertex height function established above has direct
applications to several other lattice models.

First, through the Baxter-Kelland-Wu (BKW) correspondence [5] and the coupling
between CLE(4) and the GFF, our result implies conformal invariance of the critical
random-cluster model with cluster weight ¢ = 4. Previous results for this model include
the derivation of its critical exponents [16], as well as the computation of certain full-plane
correlation functions [17]. Combined with the Edwards-Sokal coupling, this further yields
conformal invariance of the critical four-state Potts model on the square lattice. The details
of these two conformal invariance results are given in [2].

The BKW correspondence extends more generally to random-cluster models with cluster
weight ¢ < 4. In this setting, however, the boundary behaviour induced by conditioning
on a large loop of the random-cluster model are considerably more involved. Identifying
the scaling limit of the corresponding field therefore remains a substantial challenge.
Nevertheless, the results of the present paper constitute a substantial step toward a better
understanding of the scaling limit of critical random-cluster models with 1 < g < 4; see
[19] for more details.

The critical four-state Potts model on the square lattice is itself a particular instance
of the Ashkin-Teller model. In [28, 29|, the scaling limit of the double Ising model,
another special case of the Ashkin-Teller model, was obtained through its coupling with
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R3 Ry R;

)

Ry

E

F1GURE 3. The four rectangles Ry,..., Ry around As,.. The conditioning
in Lemma 2.1 is on h4 on some set as the red one, contained in R;. In
Theorem 2.2, we similarly condition on h4 in four connected sets, each
contained in one rectangle R;.

the dimer height function, or equivalently with the height function of the six-vertex
model at spectral parameter A = 0. Our convergence result for six-vertex models with
A € [-1,—-1/2]U[—Ag, Ag] provides a natural route toward establishing conformal invariance
of the Ashkin—Teller model over a broader range of parameters. We will pursue this direction
in a forthcoming work |[3].

2. Proof overview

We start by explaining the main steps and ingredients in the proof of Theorem 1.3.

Recall the definition of the local observable A,h(z). We fix henceforth = and r. For
simplicity we take x = 0.

A central point will be to condition the full plane measure psz2 on realisations of
the gradient in certain regions around x, and to prove harmonicity under this conditional
measure. For precision, we will condition on the height function mod 4; write hy : F(6Z2) —
ZJAZ, f > h(f)+4Z for the height function modulo four. Observe that, if A is a connected
set of faces, the information of h4 on A is equivalent to the gradient of h on this set, together
with a single bit of information that determines the rest mod 4 of h on a single face (which
itself is odd or even).

For a connected set A, write hy|4 for the restriction of hy to A and

oscillation(h = max h(z) — min h(z). 17
(hal1) = maag h(z) — min h(2) (1)
Note that, since h4|4 determines the gradient of h on A, both its maximum and minimum
are defined up to common additive constant.

2.1. Harmonicity after conditioning

Let us start by a simplified setting which is already very instructive. Consider a reflection
line 1 across a vertical line which goes through centres of faces.

Lemma 2.1. For anyn >0, M > 1 and € > 0, there exists 69 = do(n, M, €) > 0 such that,
for any § < dg, any x at distance at least n on the left of a vertical line which goes through
centres of faces, and any connected set of faces A of diameter at least r at a distance at least
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n on the right of this vertical line, and any realisation ¢ of hy on A with oscillation(¢) < M,
pszz [Arh(z) |hala = (] < e (18)

Proof sketch for Lemma 2.1. Let A C F(Z?) denote a finite connected set of faces to the
left of the reflection line, and let ¢ be a realisation of hy on A. We assume that the event
{h4]a = ¢} has positive probability. Fix z € R? and r > 1 such that the faces determining
A,h(z) lie to the right of the reflection line. See Figure 3 for an illustration; the reflection
line is dotted.

Reflection positivity (see [23, Theorems 2.2 and 4.15| or Proposition 6.2 below) yields:

piz2 [Lpy|a=c - Arh(ﬂfﬂ2 < pzz [{hala = ¢} N {halar = (T} puze [ArRT () Ah(2)], (19)

In terms of conditional expectations, this may be rewritten as

pz2[{hala = ¢ 0 {halar = (T}
pzz[{hala = C}]?

The last factor is of order o(1) as r tends to infinity by the full-plane Gaussian Free Field

convergence of [23]. Thus, once we can uniformly bound the ratio of probabilities, it follows

that the conditional expectation of the random variable tends to zero as § tends to zero. The

uniform bound on the ratio is called quasi-independence, and is derived in Lemma 4.4. [

pzz [Arh(@)|{hala = (}]° < gz [Ah (@) Arh(z)]. (20)

The proof of Lemma 4.4 is based on Russo—Seymour—Welsh-type percolation arguments,
which also play an important role in other parts of the proof. The quasi-independence
statement is one of the technical ingredients in the proof of Theorem 1.3.

Lemma 2.1 provides some form of asymptotic harmonicity of the height expectation in
the full-plane measure pz2 conditioned on a “boundary-conditioning-type” event. The main
difficulty in the proof of Theorem 1.3 comes down to extending from boundary conditions
on one side of a reflection plane to boundary conditions on a full circuit enclosing 0By (x).
This will require another argument, which is outlined in the next section.

2.2. Harmonicity via analyticity

Certain regions of the plane will be of particular importance, such as the rectangles
Ry,..., R4 of Figure 3. These depend on a parameter > 0 that will be fixed later.
Formally, they are

Ry :=[2r + n,4r —n] x [—4r,4r], (21)
RQ = [_QT + m, 2r — 77] X [QT + 1, 4T] (22)
Ry = [—4r + 1, —=2r — 1] x [—4r, 4r], (23)
Ry = [=2r+n,2r — 0] x [=4r, =2r — 7], (24)

As mentioned above, in the proof Theorem 1.3 we would rather like to condition on hy
in all rectangles Ry, ..., R4, rather than in just one of them. The equivalent result is listed
below.

Theorem 2.2 (Harmonicity under conditioning). For anyn >0, M > 1,0 <r < 1/2,
and € > 0 there exists 6o = do(n, M, r,€) > 0 such that, for any § < &y, any connected sets

of faces A; C R; fori=1,...,4, each of diameter at least r, and any realisations ; of hy
on A; with oscillation(¢;) < M for each i, we have
sz [Arh(@) | {hala, = G0+ 0 {hala, = G < e (25)

Observe that the same reasoning as in Lemma 2.1 may not be applied here. Indeed,
when trying to separated R; from z and Ry, ..., R4 by a vertical line to apply (19), the
second observable multiplied by its conjugate become more complicated than the one we
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wish to bound. Therefore, a second crucial idea from [23] needs to be used: the analyticity
of certain observable with respect to horizontal, vertical and diagonal pushes.

Proof sketch for Theorem 2.2. Fix M,n,r, e as in the statement. For i € {1,2,3,4}, set
E; = {h4|a, = (;} and for z € R?, let E;(z) denote the translation of E; by 2. For fixed r,
we can shift the connected set A; to the right by 2d|ar/d| for some a > 0, and analyse the
behaviour of the functions

f5(a) = tsz2 [Arh(2) L g, (26ar/6],0)NEsnEsnEs
poz2 [Er] -+ - poze [

(26)

It turns out that the transfer matrix formalism (Proposition 6.2) yields a particular (spectral)
representation of the function fs. Among other things, any subsequential limit f(a) of fs(a)
as 0 tends to zero is analytic in a > 0. In particular, if f(a) is zero for large enough a, it is
zero for every a > 0. It therefore suffices to prove that fs(a) tends to zero as J tends to
zero when a is very large.

The same procedure can be performed repeatedly. Combining several translations
in horizontal, vertical, and diagonal directions, we may arrive at a situation where the
translates of Ay, ..., Ay are all below an horizontal line, and Ay, (z) above it. See Figure 13.
Doing so, we may apply Lemma 2.1 (all events depend on faces lying one side of a reflection
line), thus concluding that the limit as § tends to zero of the relevant function is zero, and
therefore that it is also zero without the different translations, i.e. that fs5(0) tends to zero
as d tends to zero.

The result follows by another use of quasi-independence (Lemma 4.4) to show that
the product of the probabilities of the events E; is of the order of the probability of the
intersection of the events E;. As a consequence, f5(0) and the left-hand side of (25) can be
compared up to uniform constants. O

Remark 2.3 (Quasi-independence requires spatial separation of the conditioning). For
quasi-independence to hold, it is important that the sets (A4;); are geometrically separated.
Indeed, to apply the Russo—Seymour—Welsh-type arguments, we need some “space” to show
that the mixing between the different conditioning events occurs. This is why we cannot
simply “close” the circuit, and obtain the harmonicity theorem immediately, and that we
work with the H shape instead.

Remark 2.4. The proof strategy is reminiscent of the one used in |23, Section 7| to prove
harmonicity of multi-point correlation functions, although it is complicated by the lack of a
priori rotational invariance of the observables. As a consequence, the pushing in diagonal
directions plays an important role. In fact, we view the construction of a transfer matrix
in the diagonal direction as one of the innovations of this article. Transfer matrices in
the horizontal and vertical directions are well established in the literature, and there is
no special restriction on the model’s parameters. For a transfer matrix in the diagonal
direction (with a probabilistic interpretation), a certain monotonicity property is required.
Consequently, this formalism only makes sense for the parametersa =b =1 and ¢ > 1. The
same condition is also at the core of the percolation representation used in [23, Section 14],
in earlier work, and in the present article.

2.3. From infinite volume to finite volume: strong mixing

Theorem 2.2 will be complemented by a strong mixing result. It will yield the following
exploration procedure. We will explore part of the configuration in Ry, ..., R4 in such a
way that, when the exploration is successful,

(a) Theorem 2.2 applies and yields a small expectation of A,h(z) under the infinite
volume measure conditioned on the exploration and
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(b) the exploration acts in an almost Markovian way: conditionally on it, the law of
the configuration in Ag,(z) is almost independent of that outside A4, (z). We call
this property strong mizing; see Proposition 5.1.
The exploration will also be proved to be successful with high probability under pgsz2. The
above will ultimately lead to the following result.

Theorem 2.5. For any € > 0 and r > 0, there exists g = dp(€,7) > 0 such that, for all
0 < 6 < &g the following holds. On 872, there exists an exploration £ of a connected set
of faces in Nyr(x) \ Aop(z) that separates Ao, from infinity and a notion of a “successful
outcome” for £ such that

’%ZQ [Avh(z)|E that is successful]‘ <€ (27)

and
psz2 [€ is successful] > 1 — . (28)
We stated the theorem in a someone loose way since the exploration £ will depend on h,
but also on a percolation representation w™ that has not yet been defined. Its essential
feature is that £ is measurable in terms of the configuration inside what was explored and

that it renders the measure in Ag,(z) independent of the configuration on the outside of £.
The above may be understood as (and may be show to imply that)

tsz2 [Arh(z)|h on OMyy (2)] 50 as 0 — 0. (29)
Using weak-mixing results (see Lemma 4.7) the above convergence will be transported to
¢

finite-domain measures ¢, as in Theorem 1.3. Finally, in Section 4.1, we develop moment
bounds for the conditional expectation above, that will allow us to upgrade the convergence
in probability to a convergence in L'. This will ultimately lead to Theorem 1.3.

Remark 2.6. Theorem 2.5 and (29) state that the harmonicity of the full-plane multi-point
function is a local property and is not due to global cancellations.

2.4. Organisation

The rest of the paper is organised as follows. Sections 3 and 4 introduce the percolation
representation of the six-vertex model and derive relatively direct consequences of it, such as
L? bounds and weak mixing properties. Section 5 states and proves the strong mixing result
mentioned above. In Section 6, we prove certain properties of the spectral representation of
the full-plane six-vertex measure; some of these already appeared in [23]. They are then
used in Section 7 to prove Theorem 2.2. In Section 8 we combine Theorem 2.2 and the
strong mixing of Section 5 to prove Theorem 2.5. We then deduce Theorem 1.3. Finally,
Sections 9 and 10 deduce Theorem 1.4, that is the convergence of the height function to
the Gaussian Free field.

3. Basics of the percolation representation

In this section, we define a graphical representation associated to the six-vertex model.
The representation appeared already in [34] and was used extensively in [23, Part D]. We
will limit here our description to the minimal set of properties used in this paper.

3.1. From heights to percolation

Let Z2 denote the graph with vertex-set F, := {(z +y+ 3,2 —y + 3) : 7,y € Z} and
edges F, between the vertices at distance v/2 of each other. Note that the vertices of Z2
are the centres of the even faces of Z?; we will identify the two.

Let h be a height function defined on F(Z?) or on a subset of it. We couple h with two
percolation configurations w = (w*,w™) on the edges of Z2 as follows.
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Let (X¢)eep, be i.i.d. Bernoulli variables of parameter 1/c € [0,1] (recall that ¢ > 1).
For any edge e = (uwv) € E,, if we write (u*v*) for its dual edge (with u* and v* therefore
being centres of odd faces of Z?),

o if h(u) # h(v), set wF(e) =w™(e) = 0;

o if h(u) = h(v) € 4Z and h(u )75 h(v*), set wt(e) =1 and w(e) = 0;

o if h(u) = h(v) € 4Z and h(u*) = h(v*), set wT(e) = X, and w™ (e) = 0;

o if h(u) = h(v) € 4Z + 2 and h(u*) # h(v*), set w(e) =0 and w™(e) =1 ,
o if h(u) = h(v) € 4Z + 2 and h(u*) = h(v*), set wT(e) = 0 and w™(e) = X..

From this point onward, ,ué and pzz denote the joint laws of (h,w).

Notice that no edge of w™ is incident to an edge of w™. Furthermore, each connected
component of w® or w™ has constant height value. We will write (w™)* for the dual
configuration of w™. Then, each connected component of (w™)* has total height oscillation
at most 3.

Finally, if A, B are connected sets of faces and h is a height function with

h(z) < minh(z) — 4(k + 1
max h(z) < minh(z) - 4(k +1), (30)

then there exists 2k circuits of Z2 separating A from B, contained alternatively in w™
and w™. Indeed, it suffices to consider the cluster in Z?2 of different even heights between
max,c4 h(z) and min,ep h(z). Their boundaries are part of w™ or w™, depending on the

parity of their half-height.
3.2. Basic properties of the percolation configuration

An even domain is the set of faces of Z? contained on or inside a circuit of Z2.

Lemma 3.1 (Spatial Markov property for the joint law). Let D be an even domain and
write 7y for the circuit of Z2 surrounding it. Then, there exist laws ,ug and pp, for (h, wh,w™)
on D such that, for any G O D and any boundary condition { on G,

MCG[ |(h,w) on and outside v such that w™ =1 on v] = uf, (31)
ué[ |(h,w) on and outside v such that w™ =1 on 7] = up, (32)

where in the above we refer to the law of (h,wt,w™) in D, up to an additive constant in 47.

The proof is contained in [23, Part D]. The marginal of h for the measure ,u; and pp,
is the six-vertex measure with constant boundary conditions and no diagonal interactions
across the boundary defined in the introduction. We will refer to these as the measures
with + or — boundary conditions for w

Remark 3.2. Similar measures may be defined on even domains with + boundary conditions
for certain arcs and — boundary conditions for other arcs. In these definitions, the heights
of the different arcs is not prescribed.

Proposition 3.3 (FKG for w™). Let D be an even domain. Under both u, and ug, the
couple (wt,1 —w™) satisfies the FKG lattice condition. The same holds under the infinite
volume measure pizz.

More generally, if V is a set of even faces and E is a set of edges between even faces,
in the measure M%: conditionally on hy on V and the configuration of w on E, the pair
(wt,1 —w™) satisfies the FKG lattice condition.

In particular, if D' C D is an even domain, w™

sampled according to ,ug/ stochastically
dominates the restriction to D' of w™ sampled according to ,u;g.

The proof of the above may be found in [23, Part D]. We draw the attention of the reader
to the fact that the FKG property for w™ may fail under boundary conditions involving
the full height function, or the height function on both even and odd faces. Let us mention
one last result which will be useful later.
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Proposition 3.4 (Uniform odd heights from the percolation). Under uzz conditioned on
the pair ((ha(2)),ezz2,w), the odd height function (ha(2)),cz2 is constant on each cluster of

w*, and is obtained by i.i.d. uniform x1 random variables on each such cluster.

The previous result also holds under measures ;ﬁé and pig, since, by Lemma 3.1, these
measures are obtained from pz2 by conditioning on certain edges of w.

3.3. RSW theory for w+

A tube of quality n is a union of distinct boxes A, (z;) for i = 1,..., K with K < ™2
and x1,...,7x € 2nZ? with |lz;41 — 2;|| = 27 for each i. The tube is said to be closed if
|zx — @1 = 2n.

Fix two simply connected finite domains formed of unions of faces of §Z?, Dyy; and Dyy.
Assume that Dy, C Dyt The region Doy \ Diy will be called a discrete topological annulus.
It will be called even if both D;, and Dyt are even domains. We will say it is of quality n
if there exists a closed tube of quality 1 in Dyt surrounding Djy,.

The measure /% (and similarly pp) from Lemma 3.1 may also be defined on annuli
Dout \ Din where Dy, C Doyt are even domains. Under these measures, the height difference
between the inner and outer circuit is not specified.

Proposition 3.5 (RSW with w b.c.). For each > 0 there ezists c = c¢(n) > 0 such that,
for any § > 0 small enough, the following holds. For any even discrete topological annulus
Dout \ Din C 672 of quality

D\ Dy [wt contains a circuit around Di,] > c. (33)

A more elaborate version of the above may be expressed as follows. An even quad is an
even domain Q with four marked points (i.e. vertices of Z2) a,b, ¢, d on its boundary, in
counter-clockwise order. The conformal length of (Q,a,b,c,d) is the unique p such that
there exists a conformal map from (Q, a,b,c,d) to the rectangle [0, 1] x [0, p] that extends
by continuity to the boundary of Q and maps a, b, ¢,d to the four corners of the rectangle,
starting with the top-left one.

Write anlt for the measure on Q with boundary conditions + for w on the arcs (ab) and
(cd) of the boundary and — on the rest of the boundary. Here, the heights of the different
arcs is not prescribed.

Corollary 3.6 (RSW in terms of conformal length). For each p > 0 there exists ¢ = ¢(p) > 0
such that, for any quad (Q,a,b,c,d) of conformal length at most p,

,uzzlt [wt connects the arcs (ab) and (cd)] > c. (34)
Proof. The proof follows from Proposition 3.5 using the technique of [32]. O
Let us also mention a direct corollary of Proposition 3.5, which will be useful to us later.

Corollary 3.7. For any n > 0, there exists ¢ > 0 such that, for any § > 0 small enough,
any even discrete topological annulus Doyt \ Din C 872 with Dy, having diameter at least n
and Dg,, intersecting Ay, for every k >0,

,ugout\pm [ }h\apout — h|apin} > 4]{:] < exp(—ck). (35)

Note that, due to the boundary conditions, h is constant on 0Dyt and on 0Dj,, with
the difference between these constants being a multiple of 4.

Proof. We first observe that, as a consequence of Proposition 3.5 and the FKG property
for w™ (Proposition 3.3), there exists ¢ = co(n) > 0 such that

wt
HDyu\Dyy [0Pin €= ODout] = co. (36)
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The event above guarantees in particular that the height increment between 9D;, and
0Dyt 1s zero.

We turn to proving (35). If the height difference between 0Dj, and 0Dy is at least 4k,
then there exist 2k concentric circuits in Doy, alternating between w™ and w™, surrounding
0Dy,. By exploring successively the circuits from the inside towards the outside, and
applying (36) at every stage, we conclude that

'u;—?ouc\Dm[ 2k concentric alternating circuits of w™ and w™ around 9Dy, ] < k. (37)

This provides the desired bound. O

3.4. Circuit estimates with height boundary conditions

An RSW statement also holds under boundary conditions expressed in terms of hy.
Note that such boundary conditions are quite restrictive for w as the FKG inequality
for w™ may fail in such situations. Furthermore, additional complications arise when
working with boundaries with several connected components. We will use here a mixture of
height function estimates, namely the FKG inequality for |h| as well as results of [22], and
properties of the percolation configuration w.

For technical reasons, we will directly state an estimate for double circuits. Let Doyt \ Din
be a discrete topological annulus of quality n > 0 on 6Z? with § > 0 sufficiently small.
Then one may identify simply connected domains

Diy, =Dy C D1 C Dy C D3 = Doy

such that the concentric annuli A; = Dy \ Dy, As = Dy \ Dy and A3 = D3 \ Ds are each
of quality n/4. We assume that this is done in a fixed, arbitrary way for any choice of
Dout \ Din-

We say that w™ contains a double circuit in Doyt \ Diy if both Ay and A3 contain circuits
of wT separating the inside of the annulus from the outside. Write DbCirc(Doyt \ Din) for
the event that such a double circuit exists.

Lemma 3.8. For eachn >0, M > 1 and n > 1, there ezists a constant ¢ = ¢(n, M,n) >0
such that, for any & > 0 small enough the following holds. For any discrete topological
annulus Doyt \ Din C 072 of quality n, any connected sets of faces Ry, ..., R, and any
realisations &1, ...,&, of hy on them such that

e no R; intersects the annulus Doyt \ Din;
e cach R; has diameter at least n and is contained in Ay /y;
e oscillation(&;) < M for all i,

we have

ﬁ{fu =& on Ri}| >c. (38)

i=1

K72 DbCiI‘C(Dout \Din)

Proof. Fix all quantities as in the statement.

Note that the conditioning in (38) is not in terms of the height, but only in terms of its
gradient in each region. Indeed, to transform it into a condition on the values h on the
regions R;, one needs to fix the offsets of the height between the regions. Write O; € 47Z for
the offset of the height in R;: it is defined by identifying a face x; in each R; and imposing
that h(z;) — O; € {0,1,2,3} for each i. Since the height function is defined up to global
additive constant, we fix O; = 0.
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(=
e

FIGURE 4. An instance with three sets R;, where the offset of R3 is larger
than those of Ry and Ry. The blue paths are part of w™. This imposes the
existence of a number of loops of w™ separating Ry and Ry from Rj3, which in
turn forces the existence of an annulus (yellow) with w™ boundary conditions
and a large height difference between its inner and outer boundaries.

Then

n

({halr, = 5i}:|

=1

= > ez [DbCirC‘ ﬁ{hhﬁ =&+ 01’}}#622 [ ﬁ{Oi = Oi}‘ ﬁ{hdm = fi}]-
=1 =2 =1

02,...,0n, €47

572 [DbCirc

To be precise, by {h|r, = {&+0;} we mean that hy = & on R; and that h(z;)—o; € {0,1,2,3}.
We will first explain that there exists C' = C(n, M, n) such that

psz2 [ max |04 < €| ({hulr, = &3] = 4. (39)
=1

We will then bound the probability of DbCirc when offsets satisfy the condition above.

Bounding the offsets: proof of (39). If we suppose that max; |O;| > C and we take
C sufficiently large, a direct computation states that there must exits an even topological
annulus Boy \ Bin with B intersecting A, /), disjoint from all regions R;, separating some
of the regions R; from the other, with By, C w™, OByt C w' and

> C

~ 4AnM

Furthermore, B;, may be explored from the inside and B, from the outside. Indeed, if
we suppose that Rq,..., R; are the regions in B;, and the other are outside, it suffices to
take OB;, and OByy; as the innermost and outermost, respectively, circuits of w™ separating
Ry, ..., R; from the other regions. When conditioning on Bi,, Boys and on hy|r, = &; for
each i, the measure in Boyt \ Biy is 'U’Eout\Bm' See Figure 4.

‘h"aBout - hlaBm

Thus, accounting for the combinatorial factor which consists in selecting the regions
surrounded by the annulus, we find

n
pozz | max O] > C) ({halr, = Ei}} <2 sup gy o [Blorew — hloa,

i=1 in,4lout

< 2" - exp(—co o), (40)

> g
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FIGURE 5. The concentric annuli A, y,..., A7y separating Ry from Ry
and R3. When A, /5 and A7/, contain circuits of |h| > C'+2M +4 (orange),
these force the existence of w™ circuits (light blue) separating Ajz/, from Ry
and Ajs /o from Ry and R3. The latter may exit A, 5 and A7 /5. By exploring

such circuits, we may then create with positive probability circuits of w™ in
./43/2 and ./45/2 (blue)

where the sup is over all possible selections Ajy and Agyt of By, and Boyt. Note that, since
Bin must contain at least one of the regions R;, it has diameter at least . Corollary 3.7
provides the second inequality, with ¢y depending only on 7. Taking now C' = C(n, M,n)
large enough, we conclude that the above is smaller than 1/2. This concludes the proof
of (39).

Bound the probability of DbCirc when offsets are small. Fix any offsets os,...,0, €
47 with max; |o;| < C, where C is the constant appearing in (39). Write ¢ for the actual
heights on each of the regions R; defined by &; + o0;. Then, we have
<C+2M.
Jnax [((2)] < C'+

Assume that Ry, ..., R, are contained in Dj, and Ry1,..., R, are outside Dqys, with
0 < £ < n; we will treat the degenerate cases £ = 0 and £ = n after. For technical reasons,
we further split the annuli A; and A3 into concentric disjoint annuli A, /5, As/o and As s,
Az /2, respectively, each of quality 1/16. Applying [22, Thm. 1.4] and the FKG inequality
for |h| [22, Prop. 2.4] we conclude that

tsz2 | A2 and Az /o contain circuits of |h| > C' +2M + 4) h = (¢ on URZ} >c1, (41)

with ¢; > 0 depending only on 7, C' and M. Write DbCirc(]h|) for the event in the
probability above.

When DbCirc(|h]) occurs, there exist circuits Ty, and Toy of w™ separating Ry, ..., Ry
from Ajsjp and Asjp from Ryyq,. .., Ry, respectively. Furthermore, such circuits may be
explored from the inside and outside, respectively. See Figure 5.

Thus, applying the monotonicity in boundary conditions for w* (Proposition 3.3), we

find
sz2 | DbCire(Dout \ Din)

DbCirc(|h]) and h = ¢ on | J R,} (42)

> pisz2 [w™ has circuits in A3/ and in A5/2} > co, (43)
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FIGURE 6. A topological annulus and the interfaces (in blue) between
the primal percolation w™ and its dual, explored from the outer boundary
towards the inside. The explored region is hashed and the white middle
region is the flower domain explored from outside to inside.

with co > 0 provided by Proposition 3.5 and depending only on 7. The same conclusion is
reached when ¢ = 0, by exploring only I'qyt and when £ = n by exploring only I'y,.

Combining the above with (41) and summing over all values of o9, ..., 0, bounded by C,
we find
n
sz2 [DbCirc(Dout \ Din) ﬂ{h4|Ri = ¢} and max |0;] < C’} > c1e. (44)
i=1
Finally, (39) leads us to the desired bound. O

3.5. Flower domain exploration

Fix a discrete topological annulus Doy \ Din of faces of 6Z2. Define the exploration
procedure from outside to inside in Doy \ Din as follows.

Consider the percolation w™ and its dual (w')*. Starting from the boundary of Doy,
explore all interfaces between w™ and (w)* up to the first time they exit Doyt or enter
Din. By exploring the interfaces, we mean revealing the state of the percolation edges and
the values of hy on the faces on either side of the exploration. See Figure 6 for an example.

Write Exp for the set of faces resulting from this exploration and heyxp and wexp, for the
resulting height and percolation configuration. Write F for the connected component of
Dy, in 072 \ Exp. Note that the boundary of F is formed of a number of arcs P, ..., P
of w™ or (wT)*. The height on each of the arcs of w™ is constant, while the arcs of (w™)*
have oscillations at most 3.

We call F the flower domain explored from Dy to Dy, and P, ..., Py its petals. We
write oscillation(F) for the oscillation of the explored height function on the boundary
of F.

Note that the measure inside F conditionally on the explored part has complicated
boundary conditions. Indeed, they are a mix of heights and percolation information. To
obtain boundary conditions induced exclusively by heights, one may explore the thickened
flower domain F ', which is obtained by further exploring the height in each face of F
adjacent to its boundary. The notation oscillation(F 1) extends trivially.

In a similar way, we define the flower domain explored from the inside towards the
outside, or from Dy, to Doyt Its petals face outwards and F€ is a simply connected set of
faces.

The following result will allow us to control the total oscillation of A on 0F. Write
Ag(Din, Dout) for the event that there exist two connected paths y; and 7o of faces of §Z2
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between 9D;, and 9D, with

min h(z) > maxh(z) + k. (45)
Z€72 ZEM

We call this the k-arm event, due to its similarity with k-arm percolation events.

Lemma 3.9 (Bound on the flower domain oscillation). For any n > 0, there exists ¢ > 0
such that, for any topological annulus Doy, \ Din of quality n and any k > 1,

Hzz2 [Ak(DiIh Dout)] < %eick- (46>
Furthermore, for any measure Mé with G simply connected |
MCG [Ak(Diny Dout)] < %e—c(k—oscillation(g)). (47)

In the second point, G does not need to contain Dyy,t. In such cases, the arms need to
be contained both in Dy, and in G.

Proof. Let us start by proving (46). We may cover Doyt \ Din by Cn~! annuli of the form

Ay \ Ay /2, such that, if Ay(Din, Dout) occurs, then ACL(AWQ, A,) occurs in at least one of
n

these annuli. Here C' > 1 is some universal constant. Applying [23, Theorem 4.9] and a
union bound, we find (46).

We turn to (47). Fix G and (. It suffices to consider the case where k > oscillation(() + 8.
We start off by exploring the union Cyg(w™)* of the clusters of the boundary of G in (w™)*.
Recall that each cluster of (w™)* has total oscillation at most 3. Thus, the total oscillation
of the explored part is at most oscillation(¢) + 8.

Under the conditional measure ,uCG[ |Coc(w™)*], the marginal in each component of
the the unexplored part G \ Cyg(w™)* has + boundary conditions for the percolation.
Furthermore, the different connected components are independent.

Now, if Ag(Din, Dout) occurs, then Ay_qcitiation(¢)—8(Pin, Pout) occurs in the complement

of Cog(wh)*. In particular, A i—oscittation(©)—s (Din, Dout) Occurs in one of the connected
2

components of G'\ Cye(w™)*. Thus, we find
,UCG [Ak(Din, Dows)] < max 13 [A k—oscillation(c) =8 (Din, Dout) | (48)

where the maximum is over all even domains H.
We will now argue that there exits ¢ = ¢(n) > 0 such that, for any even domain H and
£>1,

m[—?x ,U,E [ASK(Dina Dout)] < %6_68‘ (49)

The event above implies the existence of ¢ concentric circuits xi ..., Xx¢ alternating
between w™ and w™, all crossing the annulus Dyyt \ Din from the inside to the outside.
These may be explored from outside to inside. Given that x1,...,x; exist, the existence
of xj+1 has probability uniformly bounded away from 1 due to (33). This is the same
procedure as in the proof of Corollary 3.7.

This proves (49), which, when inserted in (48) proves the lemma. O

4. Consequences of the RSW theory: mixing and regularity

We now state a series of relatively standard consequences of the percolation representation,
and most importantly of the RSW property, Proposition 3.5.
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4.1. L*-bounds

For a face z and r > 0, write
Avh(z) = g [Arh(z) | hy on OAg,(2)]. (50)

This is a variable that has same expectation as A,h(x), but will be shown below to have
much smaller variance. It is the average value of the Laplacian given the configuration
further away from where the Laplacian is measured. The same definition applies in domains,
as long as they contain Ag,(x).

Lemma 4.1 (L?-bound of the averaged Laplacian). There exists a universal constant
C > 0 such that for any x, r > 0 and 6 > 0 small enough,

psz2 | Avh(z)?] < C. (51)
Furthermore, for any G C Z* containing Aa.(z) and any boundary condition ,
1 [Ah(2)?] < C - (oscillation(¢))?. (52)

The following fact, which follows immediately from the FKG inequality and the spatial
Markov property for h [22], will be useful below.

Lemma 4.2. Let G be a domain and ¢ a boundary condition expressed in terms of heights.
Then for any face v € G

min (=) < g lh(@)] < max ((2). (53)

Let us start by illustrating the idea behind Lemma 4.1 in the full-plane case. By
Lemma 4.2, we have

piz2 [Arh()?] = pge [1%2 [Arh(x)|h4‘8/\2r(m)}2] (54)
< pg2 [oscillation(hb/\zr(x))2] . (55)

The bound on the right is not satisfactory, as the typical height oscillation on dAg,(x) is of
order y/logr/§, while we are looking for a bound of order O(1). By standard L?-martingale
theory, the middle term is increasing in the conditioning o-algebra. The idea is to run
an exploration procedure leading to a richer o-algebra, but in a way that improves the
rightmost term coming from the oscillation on the boundary.

Proof of Lemma 4.1. Fix r > 0 and x. Let F denote the fattened flower domain explored
from Ag; () to As,./2(z) and let £ denote the boundary conditions induced by the exploration.
We start with the case of the infinite volume. By the tower property and Jensen’s inequality

Hsz72 [zrh(ﬁ)z} = Usz2 [H&ZQ [Arh(x)‘hﬂa/&zr(x)]ﬂ (56)
< psze [nozz [Arh(@)| F, €] (57)
< pgzzoscillation(€)?]. (58)

The last inequality follows from Lemma 4.2.

Now, Lemma 3.9 implies a uniform exponential bound on the distribution of oscillation ()
under ps72. This proves that the right-hand side above is bounded uniformly in r, provided
¢ is small enough.

The same procedure in finite domains implies that
,ué[&rh(:c)Z] < ,ué[oscillation(f)ﬂ. (59)

Observe now that Lemma 3.9 (specifically (47)) provides a uniform exponential bound on
the distribution of oscillation(§) — oscillation(¢) under ug. This implies (52). O
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We will also need a variant of Lemma 4.1 for the height function rather than the Laplacian.
As above, set

R () = pg,[h(x) | ha on dAa()]. (60)

Lemma 4.3. For any M > 1 and n > 2, there exists a decreasing function C : (0,00) —
(0,00) such that, for any & > 0 small enough, the following holds. Take G C 672 simply
connected, ( a boundary condition with max,cyc|((2)| < M and points uy,...,u, € G.
For each i, set d; to be the distance from u; to OG, and choose 0 < r; < d;/8 be such that
u; is at distance at least 8r; from all the other uj. Then

1 (A h(un)? - By (ug)? - -+ - by, (un)?] < [[ C(ri/di)  and (61)
=1

sy [Py (u2)? -+ B, (u)?] < [ Cri/di). (62)
=2

Proof. The proof is almost identical to that of Lemma 4.1, but explorations need to be
performed in annuli around each point u;. These annuli are disjoint due to our assumption.
The difference of heights between the annuli are controlled as in the proof of Lemma 3.8. [

4.2. Quasi-independence

Connected sets of faces Ry, ..., R, of §Z? are said to be n-separated if there exist closed
tubes Z1 ..., E, of quality n, with each Z; surrounding R; but leaving all other R; outside
or vice versa.

Lemma 4.4 (Quasi-independence). For anyn > 0, M > 1 and n > 2, there ezists a
constant ¢ = c¢(n, M,n) > 0 such that, for any 6 > 0 small enough, any connected sets
Ry, ..., Ry C Ayyy of faces of 872 that are n-separated and have diameter at least n, and
any assignments &1, ...,&, of hy on Ry, ..., R, with oscillation(&;) < M for each i,

pozz [ Nicathalr =&} _
= [Ty psz2 [Palr, = & s (63)

4.2.1. Swapping techniques

We start by stating two “swapping” lemmas, expressed in terms of partition functions of
the model with different boundary conditions. These will be instrumental in proving weak
and strong mixing statements, respectively.

Recall that even domains D are interiors of loops on Z2 which we denote by 9D. Consider
four simply connected, even domains Dj, C Doy, and D) C D, . We will say that the
domains form compatible annuli of quality n if there exists a common closed tube of quality
n contained in both Doy and Dy, surrounding both Diy, Di, . See Figure 7.

Write ZT(Dout \ Din) for the partition function with + boundary conditions for w in
Dout \ Din. Then,

Z T (Dout)
+ ) = 2 \Fout) + , +
Z (Dout \Dln) = Z+(Din) /LDOHt [8Dm Cw } (64)
Also, recall that
N’gout\’Din = H,Z—gout[' ’aDin C W+]' (65)

Lemma 4.5 (Swapping in annuli). For any n > 0, there exists ¢ > 0 such that, if the
domains Din, D, Dout, Dhy form compatible annuli of quality 1,
- 25D\ D)2 (D \ DY)

N Z+(Dé>ut \Din)Z+(Dout \ Di/n) B

(66)
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FIGURE 7. Two compatible annuli Doyt \ DPin (blue) and D, \ D, (red) of
quality n. The common tube separating the inside from outside is orange.

Proof. Using (64), we find

Z+(Dous \ Din) - Z (Do \ D) HDs0Pin C w1~ pigy [0D, € ]
Z+(Diys \ Din) - Z+ (Dout \ D) ,Uj)/ . [0Din C W] - NZJgout 0D}, C wt]’

(67)

Write Tout \ Tin for a tube of quality 1 that surrounds both Dy, and Df, and is con-
tained in both Doy and D/ . By the monotonicity of boundary conditions for w™ (see
Proposition 3.3), we have

H72 [8Din C w+] < H,Z—gout [8@111 C w+] < u%}m [aDin C w+]. (68)

The same holds for 9D/, instead of 0Dj, and also for the measure ,u;,

out

Moreover, by exploring the outermost circuit of w™ in 7oyt \ T and using again the
monotonicity in boundary conditions, we also find

p72[0Din C wh] > pgz[w™ contains circuit in oy around Ti,] - uZFwt [0Di, C wt]  (69)
> c,u%mt [0Di, C W], (70)

with the constant ¢ = ¢(n) > 0 given by (33), provided that ¢ is small enough.
Injecting the above into (67), we obtain the desired bound. O

A second swapping will be done in quads. Recall that a quad Q is an even domain whose
boundary contains four points a, b, ¢, d in counter-clockwise order. Call the four resulting
arcs (ab), (bc), (cd) and (da) of its boundary the left, bottom, right and top of the quad. Let
Horizontalg denote the event that there exists a path of w™ in Q connecting the left and
right sides. Similarly, Verticalg denotes the event of that its top and bottom are connected
in wT.

Consider the following setting. Two non-intersecting paths vz, and yg of §Z2 crossing the
rectangle [0,7] x [0, R] vertically, with yg to the right of . Four paths 75,72 and v}, 7%
of 672, contained in [0,7] x [0, R], each connecting 7y, to yg. These paths are necessarily
stuck between vy, and v and we will assume that each of the former is above each of the
latter.

Define the quads Q;; for ¢, j € {1,2} as having the bottom and top boundaries formed
of 7}5 and 7., and the left and right boundaries formed of segments of v, and yg.

Let Qin be the quad formed of the set of faces between ~;, and g, above both 7]13 and

fy%, and below both ’y:lp and ’y%. Write *y%‘ and fy}_? for its top and bottom boundaries.
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FIGURE 8. The quads Q;; enclosed laterally by 7, and yg (black) and

vertically by 7% and v (red for 1 and blue for 2). The hashed interior

region is Qjn and the hashed outer region is QF ;.

Similarly, define Qut as the quad formed of the faces between vy, and g, above 7%
or ’y%, and below ’y} or 'y%. Write 49" and v%" for its top and bottom boundaries. See
Figure 8 for an illustration.

For any of the quads Q above, write Z1(Q) for the partition function of the model

with + boundary conditions in said quad.

Lemma 4.6 (Swapping in quads). With the notation above,

2 < Z1(Qn) - Z1(Qa22)

i -2
= ZT(Qu2) - Z(Q21) < pzz[Horizontalg, ]~°. (71)

pz2[Horizontalg,

Proof. We have
Z+(Qij) == Z+(Qout)“50ut [7%77% € w+]' (72)

Thus, the ratio in (71) becomes

Ve h € wtlud | 1R 93 € wt]
1 V5% € wHlud | 78,7k € wh]

Due the FKG inequality (Proposition 3.3), we find that, for each i,j € {1,2},

Y, v € wT]

7% € wh | Horizontalg, | - mo, ., ['y% €wh]

'Ul—éout [Py-lB e w+]M50ut [fy%‘ e CL)+] S M—éout
S 'u—éout

1, € W, [r € W]
72 [Horizontalg, | '

[
[

Inserting this into (73), we obtain the desired bounds. 0

4.2.2. Proof of Lemma 4.4

Proof of Lemma 4.4. Fix n and M as in the statement. We will do the proof by induction
over n, the number of regions. The result is immediate for n = 1.

Fix n > 2 and assume the result proved for n — 1. Let Ry,..., R, be n regions and
&1, ...,&, be assignments of heights as in the statement. In light of the induction hypothesis,
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our goal is to prove that
Jhoz2 [ﬂ?:1{h4|Ri = Ei}}
c<
Hsz2 [h4|R1 = 51],“622 {ﬂ?:z{hzl\Ri = fz}:|

for some constant ¢ > 0 depending only on 1, M and n.

Let Doyt \ Din be an annulus of quality n that separates R; from Ry, ..., R,, which is
to say that Ry C Di, and Ra,..., R, C DS, or vice-versa. We assume the former for
simplicity. Set

< h (74)

n
Fy = {h4‘R1 = 51} and Fout i= m{h4’Rl = éz}
=2
Recall the double circuit event DbCirc = DbCirc(Doyt \ Din) and the annuli A, A9 and
Ajs defined in Section 3.4. By Lemma 3.8,
tt572 [DbCirc| Fin N Foue] > co, tsz2 [DbCire] > co, (75)
tt572 [DbCire| Fiy] > co, tisz2 [DbCirce| Fout] > co, (76)
where ¢y > 0 depends only on 1, M and n. Thus, the bounds in (74) become equivalent to
tsz2 [DbCire N Fiy N Fout] pszz [DbCirc] S
c cy .
b= Iy [DbCirc N Fm] 1572 [DbCirc N Fout] -1
Call Ty, the inner-most circuit of w™ in Ay and T'yy the outermost circuit in As. For
two realisations 7in, Yout Of these paths, write ZT (7in, Yout) for the partition function of
the model with + boundary conditions in the annulus with inner boundary ~i, and outer

boundary 7out. By partitioning the events in (77) on the possible values of T, and Toyt
and using the short-hand 7;, for {T'i, = 7in} and similarly for vou¢, we find

(77)

1572 [DbCire N Fi N Foug] taz2 [DbCire] D #1522 [Yins Youts Fin, Fout) 522 [Yin Yout]
Heoz2 [DbCII‘C N En] Hsz? [DbCer N FOUt] Z Hez2 [’Vina th)utv En] Hsz2 [’Yi/nv Yout Fout]

B Z K72 [’Yin, Fm] K72 [’Youta Fout] Hez2 hi/n] K72 hé)ut] zZ* (Yin, 'Yout)ZJr (71,117 'Yc/mt)

> bz [in Fin) sz [Vt o7 [V 522 [outs Fout] 2 (ins Yout) 2 (Yins Yout)

where the sums are over possible realisations 7in, 7/, of Tin and Yout, Yout of Tout-

In the above we have used the fact that Fj, is measurable in terms of the region inside
I'in and F,y in terms of the one outside I'yy. To obtain the last expression, one would
need to work first in finite volume, then take the volume to infinity.

The bounds of Lemma 4.5 allow us to conclude. Recall that all annuli appearing in the
partition functions above are of quality 7/4. O

4.3. Weak mixing

Lemma 4.7 (Weak mixing). For any ¢ > 0 and M > 1, there exists a constant ¢ =
c(e, M) > 0 such that, for § > 0 small enough, for every simply connected G C 67>
containing A1, any boundary conditions ( on G with oscillation(¢) < M, and every event
E measurable in terms of hy on Ay s,

usz2[E] < ¢ implies ,ué[E] <€, (78)
,ué [E]<c¢ implies usz2 | B < e. (79)

Proof of Lemma 4.7. Fix e >0, M > 1, G, ¢ and F as in the statement. We first focus on
Equation (78). We shall prove the contraposition

MCG [E] > € implies uzz2[E] > ¢, (80)
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where ¢ > 0 is a constant that will be determined and will be shown to only depend on M
and e.

Assume that ug [E] > €. Let F denote the thickened flower domain explored from inside
outwards between A5 and Ag/,. By Lemma 3.9, there exists a value K = K(¢) such that

ué [E and oscillation(F) < K| > €/2. (81)
We may write
ué [E and oscillation(F) < K| = Z ué[lm = ¢ on F, (82)
Fe

where the sum runs over all realisations F' or F and all realisations & of hy on F¢ that
correspond to the event on the right-hand side.
Now, due to the quasi-independence of Lemma 4.4, for any F, £ as above,

ué[h4 =& on F = pgelhy =& on F¢|hy = ¢ on 0G| > copgzzlha = € on F€), (83)

where ¢y > 0 is a constant that depends only on K.
Summing the above as in (82), we conclude that

11572 [E) > copg; [E and oscillation(F) < K] > e, (84)

This concludes the proof with ¢ = Ze. U

5. Strong mixing

For n > 0, recall the rectangles Ry,..., R4 of Figures 3 and 9. For 1 <1 < 4, let R;n
denote the set of faces at L™ distance at least 7 from R{. Let F; be the flower domain
explored from Ri.n to R;. Additionally, let & denote the annulus A4y \ Agp—p,. Write € for

e the realisations F1,..., Fy of the flower domains Fi,...,F; and the realisations
(&,7) of hy and w* on each Ff;
e the realisation € of hy on U.

Note these notions depend implicitly on 7.

Proposition 5.1 (Strong mixing). For any € > 0, there exist 7 > 0 and n > 0 such that
for all § > 0 small enough, there exists a notion of successful outcome of € such that, if
Exp is successful,

HM&Z? [ |€ =Exp| — psze [+ |Fi = Fy and (ha,w™)|u,rm = (6,77)] HTV ror (@) <e (85)

Moreover, psz2(E is successful | > 1 — €.

Above, || - [TV A, () is the total variation metric between the restrictions of hy to Ag.(z).

5.1. Preparatory Russo—-Seymour-Welsh estimates

To prepare for the proof of Proposition 5.1, we define a set of notations and state certain
consequences of Proposition 3.5 (RSW). See Figure 9 for relevant illustrations. For an
aspect ratio 7 > 1, scale n > 0, and point y € R?, let Trn(y) C R? be the vertical rectangle,
or tube, defined by

Trn(y) :=y + [=2n,2n] x [=37n, 377]. (86)
We slice this rectangle into four vertical strips (closed rectangles) of width 7 each, and
denote the i-th slice by T;, from left to right. Similarly, we slice the rectangle into three
rectangles of heights 77, and denote the j-th slice by T7. See Figure 9.
A tube T, (y) is called swap-susceptible if

e in 77, there exists a connected component of w™ connecting its top, bottom and
left sides;
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2n

T

S= ==

S )

FIGURE 9. Left: the flower domains F; provide alternative primal/dual
petals of w™ (actually Ff are grey; they are contained in the rectangles
R;). The Laplacian A,(h) is computed in the orange central block. To
completely isolate the orange block from the outside, we will also explore
the height in the green annulus Y. Right: A tube T, contained in SyE.
It is swap-susceptible due to the blue paths of w™, and swap-compatible if

these are connected via the red paths of w™.

e in T}, there exists a connected component of w™ connecting its top, bottom and
right sides.

A tube is called swap-compatible if both T' and T° contain an w™-crossings between the
left-most vertical crossing of w™ in T} and the right-most vertical crossing of w™ in Tj. See
again Figure 9 (right) for an illustration.

We state two standard consequences of the RSW theory for w.

Lemma 5.2 (Existence of swap-susceptible tubes). For any 7 > 0, there exists ¢ > 0 such
that, for anyn > 0 and 6 > 0 small enough, and any family of tubes (Tr,(yi))i<i<n that are
n separated, the events {Ty,(y;) is swap-susceptible} dominate a family of i.i.d. Bernoulli
variables of parameter c.

Proof. All events considered are measurable in terms of w™. Thus, by Proposition 3.3, the
probability that T ,(y;) is swap-susceptible, given the configuration in all tubes T, (y;)
with j # i is bounded below by

uim () + A [T (i) is swap—susceptible],

where T, (y;) + A, is the rectangle centred on T ,(y;), with side lengths 61 and (67 + 2)n.
The displayed probability is bounded below due to Propositions 3.5 and 3.3. ]

For a tube T ,(y), write S = S(T-,(y)) for the exploration consisting of revealing w™
in 77, (y), left of and on the left-most vertical crossing of 77 and right of and on the
right-most vertical crossing of Ty. We will consider S to contain the information of both
the sets of edges left and right of said paths, and their states in w™. Then, T:,(y) being
swap-compatible is determined by S. When T, (y) is not swap-compatible, let S contain
the states of all edges of Z2 in T’ ,,(y).

Lemma 5.3 (Swap-susceptible tubes are swap-compatible). Fiz € > 0. There exists 7 > 0
such that the following hods for any n > 0 and § > 0 sufficiently small. For any tube T, (y),
any realisation S of S that makes T, (y) swap-susceptible and any event B expressed in
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terms of wt outside of Ty, (y),
tsz2 [Trn(y) is swap-compatible| S = S and B] > 1 — . (87)

Proof. Fix y and remove it from notation. Due to the monotonicity in boundary conditions
for w™ (Proposition 3.3), we find

tisz2 [Ty swap-compatible | S = S and B] > u%m [T, swap-compatible|S = S| (88)

> ,u%lfm [Tl and T2 crossed horizontally in w+], (89)

where alt are the boundary conditions on T’ ; that are + on the left and right sides and —
on the top and bottom sides.

It is a standard consequence of Proposition 3.5 that the above may be rendered arbitrarily
close to 1 by taking 7 sufficiently large. g

We now state a corollary of the above lemmas in terms of the explorations of interest to
us. Recall the definition of the flower domains Fi, ..., F4 explored in Ry,..., Ry. Let

SnE = [=2r — 20, —2r + 2] X [2r +n,4r —n); (90)
Snw = [2r — 20, 2r + 2n] ¥ [2r 4+, 4r — 7); (91)
Ssp = [—2r —2n, —2r + 2n] X [-4r +n,—2r — n}; (92)
Ssw = [2r — 2n,2r + 2n] x [—4r +n, —2r — 7], 93)

be the vertical tubes of width 47 centred on the spaces between the rectangles R;. In each
such tube, place K := L(Qr 21 -] tubes T7p(y;) that are n-separated.

Write H = H(T,n) for the event that, in each S, for x € {NE, NW,SE,SW} there
exists at least one swap-susceptible tube T’ T,n(yi) and, if we write T, (y.) for the outer-most
swap-susceptible tube in S, each T, (y«) is swap-compatible.

Corollary 5.4. For any € > 0, there exist n > 0 and 7 > 0 such that,
pszz [H(T,m)] > 1 —e. (94)

Proof. Fix € > 0 and consider a choice of 7,1 > 0 to be fixed below. We simply write T'(y)
for T-,(y). Recall the exploration S(7'(y)) that consists in revealing the left-most and
right-most vertical crossings of 77 and Ty, and thus determine if 7'(y) is swap-compatible.
Also recall that S(T'(y)) only refers to wt.

By taking 7 large enough, we may ensure (87) with the value of ¢ fixed above. Then, by
taking n = n(r, 7) small enough, we may ensure that

ts72 [each S contains at least one swap-susceptible T'(y)] > 1 — . (95)

Apply the exploration S(T'(y)) in each of the tubes T(y) in Syg,...,Ssw. This al-
lows one to determine which tubes are swap-susceptible, and in particular determined
T(yng),--.,T(ysw) when the event in (95) occurs. Then, due to (87),

tisz2 [ Trn(ys) are all swap-compatible | S(T'(y))y s.t. event in (95) occurs| > (1 — et
(96)

The above, together with (87) imply the desired conclusion, after adapting e. O

5.2. Strong mixing under favourable explorations

Proposition 5.5 (Strong mixing under favourable explorations). For any e > 0, there
exists T > 0 such that for any n > 0 and 6 > 0 small enough, the following holds. If Exp is
a realisation of £ such that

o psz2 [H(r, 17)|5 =Exp| >1— € and

® [i572 [H(Ta 77)‘-7'} = E and (h47w+)|UiFi = (677+)] >1- ¢,
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—

FIGURE 10. The petals of the F; are in blue and the paths I'j, and I'}

out
are depicted in red. The regions Inside and Outside are pink and green,
respectively.
then
sz [ - |€ = Bxp] = paa [ |7 = F and (ha,o) o = (6, 7)] <3e. (97)
TV, A2 ()

Proof. Recall the vertical splitting of T}, into rectangles 7%, T? T3 of sizes 4n x 0. By
taking 7 sufficiently large and using Proposition 3.5, we may ensure that

(3% [Horizontal2]® > 1 — e. (98)
where alt are the boundary conditions on T2 that are + on its left and right sides and —
on the top and bottom sides.

For a configuration w™, let T)'E and T denote the top-most and bottom-most w*
paths in T'(yng) as in the deﬁnltlon of swap-compatible. The same notation applies in each
of the other corners NW, SE, SW, with I'} , always denoting the outer-most path. Also
set Outside as the region of A4, formed of the explored regions U, Fy, .. ]-"4 as well as all
faces in the unexplored regions that are above T'VE or TVW or below Fout or T5W . Let
Inside denote the unexplored region separated from infinity by I'NF UTNW U T9F U TEW.
See Figure 10.

We will use the short-hand F = F for {F; = F; and (h4,w™)|y,r, = (£, 71)}. Fix two
configurations (h',w') and (h? w?) such that H(r,n) occurs. They will ultimately be
sampled according to /L522|: ‘S Exp] and ps72 [ |f =F ], respectively.

Write (bl wly) and (h,wl) for the restrictions of (h!,w!) to Outside(w!) and
Inside(w!), respectively. Do the same for (h%,w?). For i,j € {1,2}, define the short-
hand

[(hfm f)‘(héut7 (;ut)]

= Usz2 [(ha w ) (hfnv 1Z ) on Inside(wiﬂ(h, w+) - (h‘guw wgut

) on Outside(w?)].
Let us now bound the cross ratio
(s i) [ (Bt Wour)] % 1 [(h, w3 [ (Bt wiue)]
pl(hd )}(héuta Wou) | X 1 (P win) | (B3ues wEut)]
For i,j € {1, 2}, write Q for the quad formed of the faces that are

e right of the left-most w+ crossing of T, (y),
e left of the right-most w™ crossing of T, (v),

(99)
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e below I'VE(w7) and

e above ITVE(w).

See Figure 9 for an illustration. Use a similar procedure to define Q NW,QQ{E and Qg{,v
Recall the partition functions Z*(Q) defined in Section 4.2.1, specifically those used in
Lemma 4.6. Then, the cross ratio in (99) becomes

Z+<Qlﬂl>z+<Q3’2> !
11 iz <

1—e<
€= = 1—¢

(100)

2,1
ceveNwsEswy 2 (@) ZT(Qx

with the bounds due to Lemma 4.6, the monotonicity of boundary conditions (Proposi-
tion 3.3) and our choice of 7 (98).
Now, for any event E depending on h and w™ in Ag,, we have

Hs72 [EO/H’g = EXp] = Z [(hllna Win )‘(htl)utv out)} [(htl)utv Wout }5 EXp}

(h‘éut 7wout)
(Rl wl)EE

1n’ in

Hs72 [H’g = Exp] = Z [(h?na Win )’(héum out)] [(héuh Wout ‘5 EXp]

(h‘cl)ut éut)
(hln’ 12n)

where the sums run over configurations as featured in (99). Similar expressions exist for
pszz [ENH|F = F| and psze [H|F = F], with (hl,,wl,) being replaced by (hZ,,w2,)-
Combining these expressions with the bounds in (100) we find

1572 [E N 7—[‘5 = Exp},ufgzz [’H’}" = F] < 1

pisz2 [H|E = Bxplusz2 [ENH|F=F] ~ 1—¢

1—€e<

Finally, since we assumed
1—e< sz [H|E=Exp] <1 and 1—e< py[H|F=F] <1, (101)
we conclude that,

< sz [E N H‘S = Exp]

(1-ef< pszz [ENH|F = F| <@-97
Using again (101), this leads to
|ts72 [E|E = Exp| — psz2 [E|F = F|| < 3, (102)
as claimed. O

5.3. Proof of Proposition 5.1

Proof. Fix € > 0. Let 7 > 0 be given by Proposition 5.5.
Let n > 0 be given by Corollary 5.4 for €2. Then, by the tower property, (94) may be
written as

[i572 [uazz [H(, 77)C|5H <é and (103)
1572 [Maz? [H(m, )| F1, -, Fa, (h47w+)\uiFiH <€ (104)

By Markov’s inequality, it follows that, with probability at least 1 — 2¢, £ is such that
572 [’H(T, 77)’5] >1—€¢ and gz [7—[(7‘, 77)|]:1, v, Fa, (h4,w+)|uiFJ >1—e (105)

We call € successful when the above occurs. Then, for £ successful, (97) implies (85), with
3e instead of e. Modifying e provides the desired conclusion. O
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6. Proof of the spectral representation

The goal of this section is Proposition 6.2.

6.1. Spectral representation of local observables

Recall that p72 denotes the full-plane law of the height function modulo four, hy (see |23,
Sections 14-17]). The following statements are written in the spirit of [23, Section 4.5],
although we state everything directly in terms of the full-plane measure py2.

Definition 6.1 (Local observables, translations, and reflections). Let D := {—, 7~ 1,
4, \(} be the set of eight directions. We set

vy = (2,0), v :=(=2,0),
vy = (0,2), vy = (0, -2),
(
(

106
V= (2,2), vy = (—2,-2), (106)
VR 1= (—2,2), v\, = 2,-2).
The associated reflection lines are
Rr=R, :={(z,y) eR? :x+y=1},
=R, ={(z,y) y =1} 107)

RT:Ri =R x {1/2},
Re =R, = {(z,y) e R* 1z —y = 0}.

For x € D, let T, denote the reflection with respect to Ry, acting on faces through their
centres, and set hi*(f) := h(fT).

A random variable X = X(h) is called a local observable if it is bounded and real-valued,
and is measurable in terms of h4 on finitely many faces. Its support is the union of those
faces. For v € Z? with v1 + v even, write 7,(f) := f + v for every face f of Z?. The
translated observable 7,(X) is defined by 7,(X)(h) := X(hoT,), so its support is translated
by v.

Reflection acts on observables by

X' (h) == X(hl+). (108)

We write 2 and 2 for the spaces of local observables supported, respectively, in the
two closed half-planes on the negative and positive sides of R, where the positive side is
the one pointed to by *.

The horizontal spectral representation below is the full-plane height-modulo-four analogue
of [23, Theorem 4.15]; its transfer matrix construction is in [23, Sections 11-12|, and the
full-plane limiting procedure is [23, Sections 14-17]. The extension to the result below is
discussed in Section 6.

Proposition 6.2 (Spectral representation of local observables). For every x € D and
observables X € A, and Y € A}, there exists a finite complez-valued measure ux y « on
[0,1] such that, for every n € Z>g,

iz [X 7, (Y)] = /[ Wiy (109)
0,1

Moreover, px xts 4 and liyi. v, are positive measures, and

vy v llmv = pge (XX g2 [Y Y], (110)

The goal of the rest of this section is to prove this proposition.

2
|z (XY < [lpx vy sl < 1% X tx «
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6.2. The horizontal transfer matrix

In this part, given some even integer L > 0, define the cylinder Cyl; :=Z x (Z/LZ) of
width L as being infinite in the horizontal direction.

We define a column configuration # of the six-vertex model as an element of (7/47)%/ %%
which alternates parity, in the sense that for all i € Z/LZ, one has k;1+1 = k; + 1 (mod 2).
One should think of k as locally encoding the height function modulo 4 on a column of
the cylinder Cyl;. Let us point out now the following Markov property: conditionally
on two column configurations x and ' on columns j and j’ respectively, the six-vertex
configuration between these two columns is independent from that outside the two columns.
Let S_, be the set of all column configurations &, and let € := ¢2(S_,) be the space on which
the transfer matrix acts. We denote by e, the basis vector associated to a configuration
K €ES,.

Define the transfer matrix ¢_, to be the linear map from € to itself which is defined on
the basis e, in the following way. Given k, s’ € S_,, start by inserting x’ to the right of .
From here, each vertex between the two columns gets a weight:

e ( if the four heights around the vertex do not satisfy the ice rule,
e c if the vertex is a c-type vertex,
e 1 otherwise,

and let eL,t_,e,.i be the product of such weights. Notice that one automatically gets
eL,t%eH = eLtﬁe,ﬁ/, so t_, is a symmetric operator on 2.

For j € Z, let E; be the j-th column of Cyl;, to which we associate a copy ; := €2 of
the vector space. Then, for all j, t_, can be seen as an operator from €2; to €2;4;. For
each j < j', let E;; be the union of columns Uj<i<jEj. For two configurations , s’ and

two indices j, j/, we may define Efj;,[] to be the six-vertex measure inside F;;s conditioned
on column E; having configuration x and column Ej having configuration &', assuming
this conditioning is non-degenerate. Notice that the Markov property of the configurations
ensures that additionally conditioning on any configuration outside E;;; does not change
the measure.

For X a random variable measurable in terms of the heights modulo 4 inside F;;/, define

the linear operator oggl : Q25 — Qs in the following way. For each basis vectors e, € €2; and
e €y, set

eL,o%é ex = E, [X](f:L,lﬁLﬁje,ﬁ)7

The measure Efﬁ{; ,[-] makes sense precisely when eL,tj_/fj ey, 1s non-zero, so oggl is well-defined.
These observables follow the same properties as in [23].

6.3. The diagonal transfer matrix

We now wish to define a transfer matrix ¢ » in the diagonal direction. The main obstacle
in this case is that the naive construction of ¢ » does not yield a symmetric operator.

For L > 0, let us start by defining the cylinder Cyl; in the diagonal direction as the
set Z?/ ~, where ~ is the equivalence relation generated by (z,y) ~ (z + L,y — L) for
all (z,y) € Z%. We define a diagonal configuration (x, €) to be a pair constituted of some
K € (2Z/AZ)Y/TT (50 all entries are even), and for each i, a quantity €41 € {—1,0,1}, in
such a way that whenever €; ;11 = 0, one has x; = ;1. One should think of x as encoding
the height function modulo 4 on a diagonal. At each ¢ such that x; = k;41, the value € ;41
encodes some additional information: either €; ;41 = 0, in which case this means that there
is an edge of the percolation w® between the two faces on which x; and x; 1 lie, otherwise
there is no such edge, so the two odd faces between the values k; and x;; must have the
same value, equal to €;;41. See Figure 11 (left) for an illustration.
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We claim that this notion of diagonal configuration allows for the following Markov
property, as in the horizontal case: given two diagonal configurations (k,€) and (x',€') on
two diagonals k and k' respectively, the six-vertex configuration between the two diagonals
k and k' is independent from the configuration outside the diagonals. This is due to the fact
that the only place the inside and the outside could interact along a diagonal k is at vertices
where €; ;41 = 0 (that is, the odd heights at each side of the diagonal are undetermined),
but in this case, the existence of the edge of w° implies that this vertex will get weight 1,
independently of the heights neighboring it, as desired.

To a configuration (k, €), let us assign a weight

w(k,€) := (c — 1)#{i:”i:“i+1’ €i,i+170}

Once again, set S x to be the set of all diagonal configurations (x, €), and let 2 := 62(5/1)
be the vector space on which the transfer matrix acts. Define (ex ) to be the canonical
basis of Q. For j € 27Z/LZ, we define E; to be the j-th diagonal of Cyl;, so that the Fj
form a partition of the even faces of Cyl;, and we associate to it a vector space {2; which is
a copy of Q. For each j, we interpret the weight w(-) as a diagonal operator W : ; — €;
with diagonal entries (w(k, €))sx,c.

Let us now define the tilted transfer matrix ¢ . Given two configurations (k,€) and
(', €'), we define the value eL,’E,f/ew in the following way. As in Figure 11, place both
diagonal configurations next to one another. If the values do not align then give weight
0. Otherwise, sum over all possible heights in the diagonal in between (which are not
determined at indices where €; ;41 = 6;7“1 = 0, see the question marks in Figure 11), and
for each, compute the six-vertex weights at all vertices marked by e in the figure. For each
4, one can interpret _~ as a linear map from €; to ;1. Finally, one defines the transfer
matrix ¢ » 1 Q; — Qg by t 5 = Wl/Qf/le/Q, where the two W act on ;1 and €;
respectively.

It is fairly easy to see that by definition, the matrix ¢ _~ is symmetric, and therefore, the
transfer matrix ¢ » is also symmetric.

Let us explain why ¢ » can be considered to be a transfer matrix. Given two indices
J < j" and two configurations (k,€) on E; and (+',€') on E;, we may write

eL E,tj//*je,{,6 = w(x/, e/)l/zw(/i, e)_1/2 : eL, 6,(5/W)j/_je,{7€.
This quantity expands into a sum over all configurations of heights between E; and Ej; of
a certain weight. One may check that every vertex gets a weight, either from the matrix
t ~or from W. In the second case, the weight is 1 if the vertex corresponds to an edge of
(w®)*, and ¢ — 1 if it corresponds to an edge of w°. Therefore, modulo the extra boundary
weights w(k/, €)/?w(k, €)'/2, one recovers exactly the partition function of the six-vertex
model conditioned on having configurations (k,€) on E; and (k',€') on Ej.

As in the horizontal case, define E;; to be the set of faces between diagonals E; and
Ej (note that this includes all odd faces as well, so it is not simply the union of the Ej,
for j <k < j'). By the Markov property, given configurations (x,€) on E; and (k,€') on
(e
on having configurations (x,€) and (+’,€') on E; and Ej respectively. If X is a random
variable measurable in terms of the heights modulo 4 inside E;;/, define the linear operator

oggl : Q; — Qs by setting, for each configurations (k,€), (v, €),

Ej:, there is a natural measure E ) E,)[-] defined as the six-vertex measure conditioned

T il L : 5l 1 .
6”’761 OJ)Z €H7€ T E‘Zi,e)(fi/,e’) [X] (en’ye/t‘j/‘ ! efi,E)a

which once again makes sense since the conditioning is non-degenerate precisely when

eT tjl*je 1S non-zero
K€" S TRyE :
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FIGURE 11. Left: A diagonal configuration (k,€). The data of k is given
in the grey squares, the data of € is given by the numbers in red, at the
bottom left of each vertex between two grey squares. The data of € is also
represented by the configuration of w (in red) between the grey squares,
and corresponds to the vertices where ¢ = 0. The additional heights on
the figure are those given by non-zero values of € (recall that —1 = 3 since
we are modulo 4). This configuration has weight (¢ — 1)2. Right: When
putting two diagonal configurations next to one another, they interact on
the vertices marked in black, by summing over all possible configurations of
the “?” squares. The matrix element associated to these two configurations

o ot _ 3
18 €R/7€/t/‘en,e =c+c".

6.4. Spectral theorem and Perron-Frobenius eigenvector

From now on, take x € {—, ~}. The proof works in the same way for the horizontal and
diagonal transfer matrices. Since the transfer matrix ¢, is symmetric, it has real eigenvalues.
Furthermore, its entries are nonnegative, so it has an eigenvalue A9 > 0 such that all other
eigenvalues A satisfy |A\| < Ag. Ideally, we would want A\ to be a simple eigenvalue, and
for other eigenvalues A to satisfy the strict inequality |A| < Ag. In order to achieve this,
a simple way would be for ¢, to be irreducible, that is to say that for k large enough, all
entries of t¥ are positive. However, this is not the case, since the transfer matrix elements
el,t*e,.@ are zero unless x and ' have the same winding around the cylinder, i.e. if one goes
around the cylinder and integrates the height function modulo 4 into a real integer-valued
height function, the height difference obtained after a full turn around the cylinder is the
same in x and «/. Let us note that in the diagonal case, one cannot integrate the height
function off of k alone, but it is possible with the additional data of e.

For this reason, we restrict ourselves to the balanced block, consisting of all configurations
x which integrate to real height functions around the cylinder, denote by QP the space
generated by balanced configurations. The transfer matrix ¢, acts on Q% and it is now
irreducible, so it has a largest eigenvalue Ay, of Perron-Frobenius eigenvector vg. Denote
Ao > |A1] > |A2| > ... the eigenvalues of t,, with corresponding orthogonal eigenvectors
Vo, U1,y .- -

In probabilistic terms, the restriction to the balanced block corresponds to conditioning
on the event Bal that the configuration is balanced on the cylinder. The following result
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allows us to pass to the full-plane. The horizontal case follows from |23, Lemma 18.7|, and
the diagonal case is analogous.

Theorem 6.3. For each x € {—, 7}, each even L > 0, let Cyl; be the corresponding
cylinder. Then, as L tends to infinity, the measures jcy, [-|Bal] converge, for the local
convergence of measures, to pzz.

6.5. Proof of Proposition 6.2

We place ourselves in the corresponding setup, and set x € {—, '} to be the direction
we consider. Assume that X € 2, and Y € 2. Since X and Y are local, there is some i
such that X depends only on the height modulo 4 inside E(_;) and Y depends only on the
height modulo 4 inside Ep;. Now, take some even L large enough so that X and Y make
sense as observables on Cyl;, and consider the six-vertex model on Cyl;.

In order to express Ecy1, [X - 7y, Y], one would need to first consider the model on a long
torus of length M, and take M to infinity. As in [23], the result is that at the limit, only
the Perron-Frobenius vector vy survives at infinity. More precisely, this gives the following
equation

t o (20 (2nti) on  (~1)0

U
_ YOy X Ox
By, X - 7o, Y] = T 2n+2it+2

Vo

Expanding t2" = Y, Ainvkvz, we get (up to identifying the vy in Qy and Qay,)

0
IECylL [X " Tnoy ] = AO n=2i=2 Z /\Qn’l)oﬂy'l}kvkﬂg( 2 V0
= /)\ndMX,Y,L,*(A)
where _
BX YL =27 Zvooyvkvlo% D0yq - 0x2 /52
k

is a (signed) measure on [0,1]. In the case where Y = X', the measure becomes

o —N0
/,LX’XT7L7* = )\0 2i=2 Z(U};Ug( 2 (¥ ) 5/\2/)\2
k

=\ 2i— 22 v OXZ)O 0)
k

N / dpix xt,1 = Ecyl, [XXT].

S0 it is a positive measure, of weight

By Cauchy-Schwarz, one may write

2
x|y < ()\ 2 QZMOOY%vlo% vo’)

()\ 2i—2 Z UOUYUk; ) ()‘EQFZ Z (Uliogzz’)ovo)Q)
k
=Ecy, [XX [Ecy, [YYT].

As L tends to infinity, the values Ecyi, [XX'] and Ecyi, [YYT] converge to their full-
plane counterparts. Therefore, the measures px y 1 have uniformly bounded norm, and
therefore one can extract convergent subsequences. Any subsequential limit yx v . satisfies,
for all n > 0,

/)\nd,UX,Y,*()\) = Lh—>H<;o Ecy, (X T, Y] = Ep2[X - 730, Y]



CONFORMAL INVARIANCE OF THE SIX-VERTEX MODEL’S HEIGHT FUNCTION 36

and
px v llFy < Jim By, [XXEcyl, [YYT] = Ez [XXTE[YYT].

7. Proof of the intermediate statement (Theorem 2.2)

7.1. Setting of the proof and the two fundamental propositions

We work with fixed n > 0 and M > 1 that will be implicit in the notations. Fix a mesh
size 0 > 0, a realisation of Ay, ..., A4, and realisations (y,...,{4 of hy on Ay,..., Ay. For
i €{1,2,3,4}, set E; := {ha|a, = (;} and for z € R?, let E;(z) denote the translation of
E; by z. Write O, for the set of quadruples of points z = (21,...,24) € (R?)?* such that
the translates Ry + z1,..., R4 + 24 are separated by a distance (at least) nr/2 and do not
intersect Ag,(0). In particular (0,...,0) € O,. For any z € O,, write

i€{1,2,3,4}

Ro + 29

Rs + z3+ \v

R3 + 23

@
R1 + 21
A21'(

m Av

Ry+ 24+ v

FIGURE 12. Here is one example of one step pushing. In this case I = {3, 4},
v=(—2,—-2) and v = (0,0,v,v). In blue the events after pushing.

For €,8p > 0, set Nc(dp) to be the set of points z € O, such that, for any 0 < § < dy,
any realisation of (A;);c(1,2,341 and ¢ with oscillation((;) < M for each i € {1,2,3, 4},

pozz [Arh(0) | E(2)] | <. (111)

Our goal is to prove that for every € > 0, there exists dy such that (0,...,0) € N(dp).
The proof will rely on three results as an input.

To describe them, the notion of separation line will be useful. Fix x € D and z € O,, and
write v = vy, with the notation of Section 6.1. Below, for fix n > 0,0 <7 < 1/2. A line £
perpendicular to v is called a separation line for z if there exists aset I = I(L) C {1,2,3,4}
so that the support of A,h(0) and (R; + 2i)ieq1,2,3,4) are all at a distance at least nr/2 from
L, with (R; + z;)ier on the positive side? of £ and the rectangles R; + z; with i ¢ I and
the support of A,h(0) on the negative side of L.

The first proposition is essentially a rescaled version (by a factor ¢) of Lemma 2.1.

4The positive side of £ is the half-plane whose points have larger scalar product with v than those of L.
The negative side is the other half-plane.
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Proposition 7.1 (Separated conditioning). Fizxn >0, M >1,0<r <1/2, R>1 and
€ > 0. There exists 69 > 0 such that any z € O, N Agr for which there exists a horizontal
separation line L with I(L) = {1,2,3,4} is in Nc(d).

The proof is the same as for Lemma 2.1. We briefly recall it here for completeness.

Proof. Fixn >0, M >1,0<r <1/2, R>1 and € > 0. Consider (A;);c(1,2,34}, ¢ and z
as in the statement of the proposition.
Equation (110) applied to X := A,h(z) and Y := 1, gives that

1922 (A (@) L ]|* < s [Ah(@) A BT ()] szl b € B(z)]. (112)

Since the height function is (approximately) harmonic in the full plane [23, Proposition 7.2],
one has

pszz2[Arh(z) AchT ()] = 05(1), (113)
The four rectangles and their reflections are pairwise at distance at least nr/2 since z € O,),
each ¢; and its reflection has oscillation at most M. Lemma 4.4 (and reflection invariance)
applied to the eight events F;(z), i = 1,...,4 and their reflections shows that for some
constant C' = C'(n, M, R),

4
pszzlh, b € B(2)] < C [ pozz[Bi(2:))?, (114)
i1
1
pszz[B(2)] > O [ | pozel Ea(21)], (115)
i—1

uniformly in ¢ and z and all sufficiently small § in the assumptions. Together, this gives
that

szl bl € B(2)] < C gz [E)). (116)
When plugged in (112), and after dividing by ps572[E(z)], this concludes the proof. O

In order to bring back ourselves into the situation of the previous proposition, we use a
pushing argument, in the spirit of [23, Section 7.1]. In [23], pushing was done for observables
of the scaling limit of the field, which were shown to be analytic in the “pushing variable”.
In this article, statements are given in the discrete.

Proposition 7.2 (Pushing perpendicularly to separation lines). Fiz n > 0, M > 1,
0<r<1/2,0<a<bande>0. Then, there exists oy and € such that the following
holds true for every z € O, with a separation line L perpendicular to v. If for all X € (a,b),
z+ A\v € Nu(do), where v = (vq,...,v4) with v; =v if i € I(L) and v; = 0 otherwise, then
zZ < ./\/‘6((50)

We postpone the proof to Section 7.3 and jump directly to the proof of Theorem 2.2.
7.2. Proof of Theorem 2.2

Let us start by the following lemma.

Lemma 7.3. Fizn > 0. There exists) > 0 and a sequence of lines LV, ... L*) orthogonal
to horizontal, vertical or diagonal directions oW, ek e {ve : x € D} and values
MO XNE) S such that the following holds. For any A, ..., A\, with |A; — MO <o, if
we defined recursively

20 =(0,...,0) and 2V =207 4 \;v0), (117)
©)
o zF) € O, N AR and there exists a separation line £ with I(£) = {1,2,3,4},
o L) is a separation line for zU=Y for every 1 < j < k.

where v,”) is equal to v\9) when i € I(E(j)), and zero otherwise, then
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Proof. We follow the four steps in Figure 13, and achieve the lemma with & = 8. At each
step, we choose £19) with the corresponding separation in the figures.

(1) Push Rj to the left and then R; to the right (that is, vV = v, and v® = v_,),
choose A, A?) large enough to allow the diagonal pushes in the next step.

(2) Push diagonally the translated Rs to the lower left and then the translated R; to
the lower right, choose A(3), \(*) large enough so that both lie below Ry.

(3) Push Ry upwards, choose A(®) large enough to allow the next diagonal push.

(4) Push diagonally the translated Rs successively to the upper right, right, and lower
right, choose A&, \(7) large enough to allow the next move, and A®) large enough
so that after the push, Ro lies below R4. Then we have a horizontal line separating
all four R; + z; from As,(0).

At each step, choose £ before moving the rectangle, with a positive margin in the
separation conditions. Moving the rectangle perpendicularly away from this line preserves
the separation. After fixing the parameters A, ... A(%) choose 1’ > 0 small enough that
these separations and the final horizontal separation persist whenever |\; — AU)| < 7/ for
every j. This is possible because there are finitely many pushes. O

le]]

— NN
= NeAT |
(4)

—~
[os]
~—
—~
Q
~—

el

(D)

FiGURE 13. The four steps of the pushing procedure. Blue lines are the
separating lines £ for the pushes. The red line separates the final positions
of all four rectangles from Ag,(0).

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2. Fixn > 0,0 <r <1/2and M > 1. Also, set € = ¢y > 0. Consider
LA e® @ w®) and AV AR produced by Lemma 7.3. Below, for Aq, ..., A
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with [\; — AU)| < 7/ for all 7, let
Z(j)(Al, ey )\j) = Z(j_1)<)\1, ey /\j—l) + /\jv(j). (118)

By Proposition 7.2, there exists §p > 0 and a sequence 0 < ¢ < --- < €1 < ¢ such that,
for any Aq,..., Ay with |\; — M| <o forall 1 <j <k andevery 0 <i <k, if

for every A such that |A — ATV </, 20HD(N .0 N, 0) € Neiy1 (00) (119)

then Z(i)()\l, - 7)\1') S /\/'E1 (50)

Since Proposition 7.1 implies that, by potentially decreasing dy > 0, Z(k)(/\l, co Ak) €
N, (80) as soon as [Aj — AW < ¢/ for all 1 < j < k, we immediately conclude that
(0,...,0) =2 € N, (), as claimed. O

7.3. Proof of Proposition 7.2

We wish to use the analyticity argument in a continuous limit. To formalise this, it is
convenient to proceed by contradiction.

Assume henceforth that there exist n > 0, M > 1,0 <r < 1/2,0<a < b, e > 0,
a direction v, I C {1,2,3,4}, and a sequence of mesh sizes (J,,) tending to zero such

(n)

that the following holds. For every n, there exist (Agn))ie{1,2,3,4} and (¢;)ie{1,2,3,4} With
oscillation((i(n)) < M for all i € {1,2,3,4}, z(") | and a separation line £(™ orthogonal to v
with I(£(™) = I, such that

lim  sup  |us,z2[Ah(0) | EM (2™ + \v)]| =0, (120)
N0 \ela,blNdnZ
inf |5, 72[Arh(0) | EM™ (2M)]] > e (121)
n>1

Above, v is defined from I and v as usual, and E™ is the event defined in terms of
(n)

(Az('n))ie{l,Q,?)A} and (¢; " )ie{1,2,3,4}-
We start with a lemma that explains how to express 15,72 [Azh(0) | EM (2" + \v)] for
any n in the sequence above. Set sy, := d,[17/(80y)].

Lemma 7.4. For every n, there exists a finite complex measure vy, supported on [0,1],
such that, for any X € 8,7 such that A > —s,,

146,72 [Arh(o) 1gm) (z(")-{-)\v)} = /[0 1](1 — o))/ gy (). (122)

Moreover,
lwalltyv < C ps,z2 W) (2)] (123)
for a constant C = C(n,r, M) < oo that depends only onn, r and M, but not on n.

Proof. We fix n and omit it from notation, with the notable exception that we will still
write v, for the measure we are aiming to construct. Recall the definition of A, h(0) and set

X := A0(0) 1 (y), (124)
Y = 1g, (5_sv)- (125)

where
E,(z):=()Ei(z) and E_(z):= () Ei(z) (126)

iel i€{1,2,341\1
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For any A as above, the spatial Markov property enables us to write that

K572 [Arh(o) 1E(z+>\v)] = Msz2 [&Th(()) 1E(z+>\v)] (127)
= Hsz2 [X T()\—i-s)v(Y)] (128)
= / (1 — )P gy, (), (129)

[0,1]

where v, the pushforward under ¢ — 1 — ¢ of the full-plane spectral measure in (109).
Moreover, the corresponding total-variation bound is given by (110):

wnllTy < proz2 [(XXTY2 gz [YTY]H2. (130)
Let us bound the right-hand side. First, Lemma 4.4 gives
psz2[YY'] < C psga[By (2 — sv)]* = C pgpe[By (2))7, (131)

where C' is some constant depending on M and 7, but not on é.
Second, Cauchy-Schwarz and the Lemmas 4.4 and 4.1 give

poze (XX = pgze[B- NV E g [A,0(0)(A,1(0) [E- N ET |

< gz (B OB\ pugze (B, h(0))2[E- N B Jugze[[(A,h(0)2[E- N BT
= psz2[B- NE! gz [(Ach(0))*[E- NET
< C K72 [E—]27
where the equality is by symmetry of the model, and where once again C' depends on M

and 7, but not on 0. Plugging the two previous bounds in (130) and using Lemma 4.4 one
last time gives

lvnllTyv < pozz (B ]psz2 [E-] < C sz [E(2)], (132)

thus concluding the proof. O

We return to the proof of Proposition 7.2 and remind the reader that we are looking
to contradict (120). Consider the measure v, obtained in the previous lemma via (122).
Introduce

1
.22 (B ()

vy (a/6p) = dvp (@) (133)

and the functions
On A (1 = 6p0) A F50)/0n g ().
R4
Now, (123) implies that ||z, ||Tv < C for all n. The functions ¢,, are therefore holomorphic
and uniformly bounded on the domain & = {z € C : Re(z) > —nr/16}. By Montel’s theo-
rem, we know that this sequence of functions is relatively compact for uniform convergence
on all compacts of U.
We reach a contradiction as follows. Note that (122) reads

EM (2" 1 v
SOn(A) _ us,z2 [ ( )]
s,z2 [E0) (2(7)]

Lemma 4.4 and our assumption on the sequence ¢ imply that

pi5,z2 [E™ (2™ + Av)]
c< s 00 [E(”) (z("))] <, (135)

15, 72 [Arh(o) IEM (2™ 4 av)] . (134)
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for constants ¢, C' > 0 that are uniform in A\ € [0,b] N 6,Z and in n. As such, (120) yields

lim  sup |en(N)|=0. (136)
=% \¢[a,b)NdnZ
Any subsequential scaling limit of the sequence (y,,) therefore vanishes on [a, b], so must be
identically equal to zero. This means that the (p,) actually converge uniformly to zero on
each compact of U, and therefore (¢, (0)) converges to zero as n tends to infinity. However,
this is in direct contradiction with the fact that

©n(0) = 5,22 (A0 (0) EM (2M)),

whose modulus remains, by (121), larger than € for every n. This concludes the proof.

8. Proof of the harmonicity theorem (Theorem 1.3)
8.1. Proof of Theorem 2.5

We are now ready to explicitly define the exploration appearing in Theorem 2.5 and the
associated notion of successful outcome. Recall the exploration £ of Section 5 consisting of

e the realisations Fi,...,Fy of the flower domains Fi,...,F4 in each rectangle
Rl, e ,R4;

e the realisations (£, 7) of hy and w™ on each Ff;

e the realisation £ of hy on U.

Also recall that all notions above depend on 1 > 0.

Fix e > 0 and M > 1. We call a realisation Exp of £ (e, M )-successful if the following
hold:

e & is successful in the sense of Proposition 5.1,

o for each i € {1,...,4}, oscillation(¢|pr,) < M,

o p572[Avh(z)? | € = Exp] < & and

o p5z2[Ach(2)? | Fy = Fy and (ha,w)|u,r, = (6,77)) < 2.

We will first prove that, for any € > 0, there exists n = n(e) > 0 and M = M(n,e) > 1
such that

wsz2[E is (€, M)-successful] > 1 — 4e. (137)

We will then show that, for this notion of successful exploration, (27) holds. Together,
these facts will prove Theorem 2.5.

Proof of Theorem 2.5. Fix € > 0. Let n > 0 be sufficiently small that
psz2 [€ is successful in the sense of Proposition 5.1] > 1 — e, (138)

for § small enough.
Now, Lemma 4.1 implies that

psze [1sz2 [Ach(2)? | €]] < C, (139)

for some universal constant C' > 0. Thus, for any M > C/e?, we conclude by the Markov
inequality that

psz2 [€ is such that fis72 [Ah(z)?]E] > M/e] <e. (140)

The same holds for the measure conditioned only on the ;.
Finally, by Lemma 3.9, we may also choose M sufficiently large that

wsz2loscillation(€|op,) < M, Vi] > 1 —e. (141)
The three displays above imply (137).
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We now turn to proving (27). Fix a (e, M )-successful realisation Exp of €. Let us first
show that, for § > 0 small enough,

laz2 [Arh(@)| F = F and (ha,w)lur, = (€ 7)]| < e (142)

We may not directly apply Theorem 2.2 here, as the conditioning is in terms of height
gradients and percolation configurations. This is easily overcome as follows. Recall the
fattened flower domain F;', obtained from J; by exploring hy on an additional layer of
faces. This additional information renders the conditioning on w™ in Ff irrelevant for the
measure in ]:;r. Thus, for § > 0 sufficiently small, we have

1522 [A (@) F; = Fy and (hayt)lois, = (677)]|

< Z ‘%22 [Arh(x)‘ h4’UiFi+ - C” X Hsz2 [h4’Uin‘+ - C‘}—i = F, (ha,0)|urp, = (§’T+>}
¢

<D emozz [haly,pr = (| Fi = Fiy (ha,oh)lur = (671)] =,
¢

where the sum is over all possible realisations ¢ of hy on |J; Ff. The bound of € on the
expectation of A, (z) under the conditioning on the heights in | J; ;" is due to Theorem 2.2
and is valid for § < do(e,n, M). Indeed, here oscillation(¢|,z+) < M + 3 due to the bound

on the oscillations of &.
We now extract the bound on A, h(x) under psz2 H & = Exp|. Let P be a coupling of

h~ pszz] - |€ = Exp| and h' ~ psze [ - | F = F; and (ha,w¥)|u,r = (6, 77)]  (143)

such that P[h = A’ on Ay, (2)] > 1 — e. Such a coupling exists by Proposition 5.1.
Then

|tsz2 [Arh(x)| € = Exp]| <|E[AH(2)]|
+|E[AR(@) L gntn on Asv(@)}]] + |EIARR () Lintn on Asw(2)}]]-

The first term is bounded by (142). Moreover, due to our assumed bound on the second
moment of A,h(z) and the Cauchy-Swartz inequality, we find

E[AR () Lintn on Aoy (x)}] —E [ACH (2) Lgntns on A2,.(x)}]2
< E[ﬁrh'(:n)Z}P[h £ h' on Agr(:p)] <e.
The same inequality holds for the third term. In conclusion
sz [Arh(x)| € = Expl| < e+ 2v/e.
This concludes the proof of Theorem 2.5, with altered values of e. (|

8.2. Proof of Theorem 1.3

We will now see how Theorem 2.5 implies Theorem 1.3. This is a rather simple conse-
quence of the weak-mixing (78) and of the L? bound (61).

Proof of Theorem 1.3. Fix K, R,€,r,G,( and points z,us,...,u, as in the statement of
the theorem. All constants below are allowed to depend on K, R, €, r and n, but not on G,
¢ or the points z,uo,...,u, that satisfy the requirements of the theorem.

Combining (78) and Theorem 2.5, we find that, for any ¢ > 0, if 6 > 0 is sufficiently
small

‘,ug; [Arh(z)’é' that is successful] ‘ <c (144)

and
,u,g; € is successful] > 1 —c. (145)
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The difference with Theorem 2.5 is that £ is sampled from ug rather than the infinite
volume measure. Equation (144) is identical to (27), since the conditioning on £ renders
the replacement of psz2 by ué irrelevant. We will apply the above, with a value of ¢ to be
decided below.

Now, as in the proof of Theorem 2.5, we need to bound the expectation of A,h(z) when
£ fails to be successful. We do this using a series of L? bounds. We have

|A7"M<G[h(z)h‘(u2) s h(u'ﬂ)H S‘HCG [MCG[ATh(z”g] ' ET(UQ) .. ET‘(“‘H) : ]15 successful]

+ ‘Mé‘ [zrh('z) ’ hr(“?) .. %r(un) ' ILS not successful]

, (146)

where the notation ET() was introduced in (60). By the Cauchy—Schwarz inequality and
(144), we have

'U’é [/’L%[A"’h(z)’g] ' }VL"’(UQ) o %T(un) : ]lgsuccessful]2 < C2MCG [};r<’U,2)2 s %r(un)Z] < czC,
for some constant C' = C(K, R,¢,r,n) > 0 given by Lemma 4.3. Also

,Ué‘ [ﬁrh(z) . %r (UZ) to %r (Un) “Lenot successful] ?
< #%; [ﬁTh(z)Qﬁr(uQ)Q .- -Er(un)Q]ué [5 not successful] < cC.

Since ¢ > 0 may be chosen after C, we may choose it so that cC' < (¢/2)2. Inserting the
bounds above into (146), we conclude (13). O

9. Boundary conditions for the height function

9.1. Statement of the result

Let D be a domain with k& marked points a(¥,...,a® on the boundary. Let ¢ be
boundary conditions which are constant equal to (i) on each arc (aPa(*+1) (with the
convention that a(?) = a(®)), and such that for each 4, [¢(i+1) —((7)| = 1. In the case k =0
where there are no marked points on the boundary, denote simply by ¢(0) the constant
value of ¢ on the boundary.

Proposition 9.1. For all r,n,e > 0, there exists d = d(r,n,€) > 0 such that the following
holds. Let D C 872N Ay, be a discrete domain with boundary conditions ¢ as above, let
20,1, ..,2¢ be points in D. Assume that:
e There exists some conformal map f : D — D such that the f(a(i)) are at least at
distance n from each other.
o The x; are at least at distance v from each other.
e The point xg is at distance at most d from the boundary arc (a9aM), but at distance
at least v from the rest of the boundary OD\(aYaV)) (in the case where there are
no boundary points this second condition is void).

Then, one has
15 [h(zo)h(@1) - - h(xe)] — C(0)u[h(z1) - -~ h(z)]| < e

Remark 9.2. Let us point out that the bound on the distance between the f(a(?) also
imposes a bound on the number k of boundary points, notably k& < 27”

The main challenge in proving this boundary result is extending our RSW estimates
to the boundary. This is the content of the following result. Note that in this result, we
assume that the arc (a(Ya(!)) is formed by a path of w.

Proposition 9.3 (Boundary RSW). Take r,n,d > 0 as above. There is some ¢ > 0 such
that the following holds. Let D C 672 N Ay )y be a discrete domain with boundary conditions
¢ as described above. Assume that:
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e There exists some conformal map f : D — D such that the f(a(i)) are at least at
distance n from each other.

e The point xq is at distance at most d from the boundary arc (a(o)a(l)), but at distance
at least r from the rest of the boundary 0D\ (a¥aV).

Then, there is some C' = C(n) depending only on n such that
MCD[There is no circuit of w inside A (xo) of height ((0) surrounding xo] < C(d/r)°.
Before proving this proposition, let us explain how it implies Proposition 9.1.

Proof of Proposition 9.1. Without loss of generality, assume that ¢(0) = 0. By Proposition
9.3, there is an event C of probability at least 1 — C'(n)(d/r)¢ for some C(n),c > 0 such
that under this event, x¢ is surrounded by a circuit of w inside A, (x¢) of height 0. If this
occurs, conditionally on everything outside, the expectation of h(xg) is identically zero, so

pplh(z0)h(w1) -+ hwp)1c] = 0.

Then, by Lemma 4.3 with rg the distance from =z to the circuit found in C and by
Cauchy-Schwarz, there is a constant C’(r, k) such that

15 [h(zo)h(x1) - - hwe)Lee)| < plus (@) h(x1) - - - h(xe) | FIAV2ug[C)? (147)
< C'(r, k)C(n) V2 (d/r)e/?, (148)

where the o-algebra F is the set of heights necessary to determine the event C. The
right-hand side can be taken arbitrarily small by taking d small enough in terms of r and 7,
using the fact that k is bounded in terms of 7. O

The section is organised as follows. In the next section, we derive Proposition 9.3 for
constant boundary conditions (i.e. K = 0). Then, we explain how to interpret constant by
parts boundary conditions with the help of the percolation process. Finally, we deduce
Proposition 9.3 in this setting.

9.2. Boundary RSW for constant boundary conditions

In the case of constant boundary conditions, the result is a direct consequence of RSW.

Proof of Proposition 9.3 for constant boundary conditions. Assume that the boundary con-
ditions ¢ are constant, then they are given by a circuit of w of height (0). By FKG and
RSW for the measure ,ugo), there are some universal ¢, C' > 0 such that with probability at
least 1 — C'(d/r)¢, there is a circuit of w inside A, (z)\Ag(zo). Such a circuit intersects the

boundary 9D so it has height (0). O

When ( is not constant, the apparent lack of FKG makes this result harder to prove.
We explain how to circumvent this in the next section. In this case, since the boundary
conditions ((7) have alternating parity, up to adding a global constant 1 to the heights, we
will henceforth assume that each ((i) has the same parity as its index i.

9.3. Constant by parts boundary conditions from the percolation

The goal of this section is to explain how to interpret boundary conditions which are
constant by parts as boundary conditions for the even height and percolation (hj,w), in
order to keep some estimates from RSW and FKG all the way to the boundary. There are
essentially two hurdles to overcome. The first one is that although a path of w gives weight
1 to boundary vertices of type c, this is not the case for paths of w*. Therefore, on the odd
arcs (a(i)a(”l)), we cannot simply express the boundary conditions using (hg,w). Secondly,
boundary arcs of different heights must not connect, and the odd boundary clusters must
have certain fixed spins, which introduces additional factors.
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We start with the first issue. Let D be a domain with boundary conditions { which are
constant by parts. For each edge e between odd vertices on the boundary, let h2 € {0,2}
be a formal height modulo 4 associated to edge e, denote by hg the tuple of all hy. Given a
value of hj, let ((hg) be the boundary conditions defined as follows (see Figure 14, Left):

(1) The arcs (aPa*1) with even i are formed by a path of w, with height h§ = ¢ (i)
(mod 4).

(2) The arcs (a”al+Y)) with odd i are formed by a path of w*, and outside of each
edge e of the boundary (a®a(*+1)) lies the height A2 modulo 4, which interacts with
the height on the inner side of e.

Let us define ,u% to be the six-vertex measure conditioned on having the correct even
height hj on the even arcs (a(i)a(”l)), and being of constant odd height h® on each of
the odd arcs (a(i)a(”l)), and with boundary weight cg = 1. The only difference with MCD
is that we do not fix the odd heights on the boundary. Let £ be the event that no two
arcs (aWa(*1)) of different heights are connected. Then, one can connect these different
measures in the following way.

h3)

Lemma 9.4. There are values Zg( 97 > 0 such that the following equality of measures holds

Z ZC C(h ]

where Zg = Zhg Zghg) 18 such that both sides are probability measures. Furthermore,

there exists a random variable X € [27% 1] such that

Hp[X€]
Proof of Lemma 9.4. Let us start by proving the first equality of measures, where the

Zgho) are the partition functions of the corresponding measures, so that Z7, C(ha) H%(hg)[.] is
the weight of a configuration. The only difference between the measures on both sides is
the weight on the boundary. For the height h4, on the left-hand side, one has

1S [ha] oc N ),

where N (hy) denotes the number of vertices of type 5 or 6 in h (which is measurable in

terms of hy). On the right-hand side, for each edge e of the boundary, writing hy(e) for the
height h4 on the face inside the domain and adjacent to e, we have

<(hg) Ch3)ry g 1 N(h 1(ha(e)=hS (e
%;Z 3[h4]_?zo:c N | R RGO IO

e€0S 4D

H Z 1)1ha(e)=e)

Zp e€de, D ee{0,2}

19544D
— Ny

ZC
where |05,4D| is the total number of edges e on the odd boundary arcs of D. Since both

sides are probability measures and are proportional, they must be equal.
Let us now move to the proof of the second equality of measures. The only difference

N(h4

between the measures N% and u% is that the former requires certain heights on the boundary.
Let Xy be the event that the heights on the boundary are those given by (, then ,u% is

simply the measure ,uCDHZ)a]. Under this measure, notice that the event £ is automatically
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FIGURE 14. Left:In order to imulate boundary conditions with boundary
weight 1 on an odd path while only conditioning on (h°,w), one can do
the following: take a formal height h3 modulo 4 outside D for each medial
medial vertex, and average out over all values of the spins. Then, for any
configuration inside, each boundary vertex receives a weight H—Tc

Right: In red, an example of interfaces of w which satisfy £. The event £
corresponds to the existence of certain paths of w between even parts of the
boundary (in blue). Notice that conditioning on these primal paths does not
necessarily determine the interfaces, since for example two of the interfaces
in red can be rewired to become the dotted interfaces in green, while still
being coherent with the blue paths. This makes the number of boundary
clusters of w* go from m =4 to m = 5.

satisfied (since clusters of w* have constant spin). Conversely, given a configuration (h$,w)
satisfying £, Proposition 3.4 ensures that each boundary cluster of w* takes the correct
spin with probability % Therefore, if m < k is the (random) number of boundary clusters
of w*, then taking X = 27" gives the desired result. See Figure 14 on the right for an
illustration of the event £. g

9.4. Boundary RSW for constant by parts boundary conditions
Before proving Proposition 9.3, let us first show the following result.

Lemma 9.5. For all n > 0, there is a constant c(n) > 0 such that the following holds. Let
D be a domain with boundary conditions  as in the start of the section, and assume that
there is a conformal map f : D — D such that the f(a(i)) are at distance at least n from
each other. Then, for all formal boundary heights h3, one has

hO
u%( DIE] > e(n).

Proof. Consider the arcs (a(i)a(”l)) with even 7, and consider a maximal plane partition
‘P of these arcs, in such a way that each part of the partition contains only arcs with the
same boundary value ((7). By planar, we mean that if even arcs Aj, Aa, A3, A4 are in this
order around the boundary, then it cannot be that Ay, A3 belong to some part P € P and
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arcs Ag, A4 belong to part P’ # P. By maximal, we mean according to the inclusion order
of partitions, there may be multiple such maximal partitions.

Now, for each pair A, A’ of even arcs in the same part P € P, construct a topological
rectangle R4 4 C D, in such a way that

e Each topological rectangle R 4 4+ has opposite sides f(A) and f(A’), with conformal
length bounded from above by some constant C'(n) depending only on 7,
e Two topological rectangles corresponding to different parts do not intersect.

The existence of these rectangles is ensured by the condition on the f (a(i)), and by the
planarity of the partition. Now, consider the event & that each conformal rectangle
YR A,47) is crossed by a path of w. For each part P € P, conditionally on the even spin
and percolation outside of Uy acp f *1(72 4.47), Corollary 3.6 ensures that each rectangle
f7Y(Ra a) is crossed by a path of w with positive probability ¢(n), and since all of the
A € P have the same boundary value, all these paths of w have the same spin, so Proposition
3.3 ensures that all arcs of P are connected with positive probability. See Figure 15 on the
right for an illustration.

Now, we claim that the event £’ is contained in the event £, which would conclude the
proof. To prove this, we need to show that if B and B’ are two odd arcs with different
boundary values, then there must be two even arcs A and A’ in the same part of P such
that A, B, A’, B are in this order around the boundary, see Figure 15, Left. Assume that
this is not the case. We split the boundary D at B and B’ into two parts D; and Dy. By
contradiction, each part P € P only contains arcs in one of the D;, and any such partitions
are naturally ordered, in the sense that P is inside P’ if any A € P has an A; € P’ to
one side of D; and an Ay € P’ to the other side. When moving from B to B’ along one
of the D; and reading off the heights of the outermost parts, every height h between the
boundary value at B and that at B’ must appear. Therefore, if h is such a height, there
is an outermost part P; in each respective D; which has boundary value h. But then by
maximality, these parts P; would have to be the same (since otherwise one could replace
them with the union P; U P»), which leads to a contradiction. O

As a direct consequence of these lemmas, we get the following.

Proof of Proposition 9.3 for non constant boundary conditions. Let C be the event that
this circuit exists. Given a configuration hg, by Proposition 3.3, the measure /fp(ha)
has RSW and FKG for the even heights and percolation (h3,w). By RSW and FKG, as
in the proof of the Proposition in the constant boundary case, the event C¢ happens with
probability at most C(d/r)¢ under ,u%(ha), for some universal constants ¢, C'. By Lemma 9.5,
the event £ happens with positive probability at least ¢(n) > 0 under boundary conditions

¢(hgy), so one has
h3 C — C
iy 2 CelE] < el O
By Lemma 9.4, ,u% is an average of the measures ugh‘%)[-w}, so the result follows. O

10. Proof of GFF convergence (Theorem 1.4)

Before diving into the proof of Theorem 1.4, we prove certain qualitative results on the
correlation function.

10.1. Holder continuity of correlation functions

Let us first prove that the correlation functions are Holder continuous away from the
boundary.

Proposition 10.1. There exists a constant ¢ > 0, and for all positive M a constant
C = C(M) > 0 such that the following holds. Take e,r > 0, and let 6 > 0 be small enough
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1 1

FiGURE 15. Left: An illustration of the argument that two odd arcs of
different heights must be separated by a part P € P. The parts are show
by paths in blue, the two arcs of heights 1 and —1 in red must necessarily
have, on each part of the boundary between them, an outermost part of
height 0, these two parts must then be connected by maximality of P.
Right: Given the parts, one can find topological rectangles such that the
sets Ug a7epRa, 4 (here in red) are disjoint, the existence of crossings of
these rectangles implies that all arcs in the same part are connected.

in terms of e,m, M. Let D C 0Z? be a discrete domain with boundary conditions ¢ such
that |(| < M. Assume that x1,2), 22,23, ..., 2K are points in D. Assume x1 and | are at
distance at most € from each other, and assume that all of the x; are at distance at least r
from each other, and that x1 is at distance at least r from ID. Then,

uplh(@)h(xs) - h(ay)] = pplh(xh)(w2) -~ hzy)] | < Ole/r)".

Proof. We rewrite the left-hand side as the expectation u%[(h(xl) — h(z)))h(za) - h(zg)]-
Assume that r > 4e, and consider the event C that there is a circuit of w in the annulus
Ay jo(21)\A2e(z1) going around Age(w1). On the event C, conditionally on the heights
h(x2), ..., h(zy) which depend only on faces outside A, /5(z1), the expected values of h(z1)
and h(z]) are both equal to the height of the circuit of w. Therefore,

i (h(n) = h(1))hlw2) - h(wk)Le] = 0.
Since the box A, (z1) does not intersect the boundary 9D, by RSW , the event C
occurs in ,u% with probability at least 1 — C'(e/r)¢ for some universal constant ¢ and some

C = C(M) > 0. The contribution of the event C¢ is then controlled by Cauchy-Schwarz
and Lemma 4.3. . O

10.2. Correlation functions when merging points

In this section, we show the following result which explains how the correlation functions
behave in the limit when two points get close. Note that the points 1 and 2 chosen in the
statement are completely arbitrary and may be replaced by any other non-zero points of
R? up to changing the constant C'.

Proposition 10.2 (Merging of two-point correlations). There exists a universal constant
C > 0 with the following properties. Let v > 1 and let D C Z? be a simply connected domain
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with A, C D C Agp. Let ¢ be any admissible boundary condition on D with |(| < M € Z>;.
Then for any x € [—r/2,7/2], we have

Hp[R(0)h(@)] = pz2[(h(0) = h(rer)) (h(x) — h(2rer))]| < C - M. (149)

Proof. Recall Equation (404) in [23|. Both expectations can be calculated as follows:

e Explore the largest w™-circuit v surrounding 0 and x,
— Within D (in the fixed boundary case), and
— Not surrounding re; and 2re; (in the full-plane case).
Then both expectations are equal up to an additive term of order O(M?), plus
Xo,2(A), where A is the domain bounded by .

To prove the proposition, it suffices to prove that

(X0 (A)] = pz2 [Xo.2(A)] = O(M). (150)
This is straightforward from the RSW estimates and the Lipschitz property of Xg ,(A),
established in |23, Equation (406)]. O

10.3. Tightness of the correlation functions

In order to work with continuous correlation functions instead of discrete ones, let us
define h to be the averaged out height function, defined as follows. If § is the mesh size of
the lattice under consideration, for z € R?, set h(z) := §, Bs(x) h(y)dy the average of h on a
circle of radius 6 around z. The main advantage of h is that it is automatically Lipschitz,
thus continuous.

Throughout the rest of the proof, let Ds be a sequence of domains in §Z? converging

to some domain D C R? as in Theorem 1.4. We will use all the notations of the theorem,

including the marked points agi) and boundary conditions (5(7). Throughout this part, we

will set
Dk(D) = {(ul, - ,uk) S Dk’VZ 7& Jy Ui 7& Uj}

to be the set Dy, of the introduction, defined for the continuum domain D. Let us point
out that an exhaustion of compacts of Dy (D) are the compacts

K. :={(u1,...,u;) € D"|Vi # j,dist(u;, u;) > € and Vi, dist(u;, 0D) > €}.

The following result is an immediate consequence of the Holder regularity of Proposi-
tion 10.1, and thus we omit its proof.

Proposition 10.3 (Tightness of the correlation functions). Let Dy be a sequence of domains
in 872 converging to some domain D C R? in the sense of Theorem 1.4. Let k be a positive
integer. For each § > 0, define the k-point correlation function

O+ (w1, 2) € (RDF o 5 [R(w1)h(w) - - hlay)]

Then, for every compact K of Dy(D), there is some 0o(K) > 0 such that the functions
((@i)u()k(go are well defined and form a precompact set in (C°(K), || - ||o)-

Remark 10.4. Let us mention that by Proposition 10.1, for any compact K of Dy (D),
there is a constant C'(K') such that for all § small enough and (z1,...,2) € K,

O (1, ) — i, () hlz) - hlay)]| < C(K)S.

Therefore, any result on the uniform convergence of @i on all compacts of Dy (D) implies

the same convergence result for the correlation functions ,u%é [h(z1)h(z2) - - h(z)]. We
shall work with the former due to the tightness result.
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10.4. ldentification of the limit

We are now ready to show the convergence of the correlation functions. If D C R? is a
domain, let I'p be a Dirichlet boundary conditions GFF with variance 1. If D has marked
points a1, ...,a; on its boundary with certain boundary conditions ((i), let H¢ be the
harmonic extension of these boundary conditions to the domain D.

Proof of Theorem 1.4. Identifying the k-point correlations and Remark 10.4 give the result
of Theorem 1.4 in the sense of convergence of correlation functions. Obtaining the con-
vergence in distribution of A is then a direct consequence of this result and of the Holder
continuity of Proposition 10.1. The proof of this result is completely analogous to that in
[23, Section §].

We therefore focus on identifying the k-point correlations. By Proposition 10.3, the
functions @i are precompact when restricted to any compact subset K of Dy(D). Therefore,
we may extract subsequential limits Wy in the topology of uniform convergence in any
compact subset of Dy (D). It remains to show that all of the ¥} are unique and given by
the correlation functions of the desired GFF. Let us notice that for all k¥ > 1, the function
W, satisfies the following properties:

(1) By Theorem 1.3, ¥, is harmonic in each variable inside Dy(D).
(2) By Proposition 9.1, as 2 converges to a point on the boundary arc (a(¥a(*1) (or
to any point of the boundary if there are no marked points), one has

x1—>(a(i)a(i+1))

V(21,225 .- -, Tk) C(0)¥p—1(22,. .., 2k).

(3) By Proposition 10.2, assuming that £ > 2, given fixed points (z2, ..., x) € Di_1(D),
there is a constant C(xg,...,x) > 0 such that for all z; close enough to 2, one
has

Uy, ..., 25) — 0°Gpa(1,22) Uy o(ws, ..., 2x)| < C(2a, ..., k),

where Gga2(+,-) is the full-plane Green’s function, and where we set ¥ := 1. Indeed,
this follows by exploring a flower domain around x; and x9, using that proposition,
and noticing that the conditional expectation of h(z1)h(z2) is given by the full-plane
plus an error term of the order of the maximum square height on the flower domain
boundary.

We now show by induction on k that this characterises the W;, as the correlation functions
\I!kGFF of 0 -T'p+ H¢. When k£ = 0, we immediately have ¥g =1 = \IIOGFF. Let us move to
the case k = 1. In this case, ¥; is a harmonic function on D, whose boundary conditions
on each arc (a(i)a(i‘ﬂ)) are constant by parts and given by (. Furthermore, the function ¥
is bounded between the smallest and largest values of (, so it stays bounded around the
marked points a(?). Therefore, ¥; is a harmonic function with boundary values constant by

parts given by ¢, so ¥y = H; = \I/f’FF
Assume now that k > 2 and that for all ¢ < k, we have ¥, = \IJZGFF. Fix (zg,...,2x) €
Dy._1(D), and consider the function
F(zy) i= Uz, ... x) — OS2, .. 2y).
Then, the function F' is harmonic in D\{x,...,zx}. Consider what happens when z;

converges to one of the other points, without loss of generality assume that it is x2. Then,
as x1 converges to x2, we may use the merging result, as well as the analogous result for
the continuum GFF to write

F(x1) = 02Gra (w1, 22)Up_o(x3, . .., xp) — 02 Gra (w1, 22)UEEE (23, ..., 21) 4+ Ouy. 2y (1).

By induction, the first two terms cancel, so F' is actually bounded around zs, and x5 is
therefore a removable singularity of F' (this is for example a simple consequence of the fact



CONFORMAL INVARIANCE OF THE SIX-VERTEX MODEL’S HEIGHT FUNCTION 51

that Brownian motion started from a point y # x5 almost surely does not pass through
x2). Therefore, F' can be extended to a harmonic function on all of D. Furthermore, as
x1 converges to any boundary arc (a(i)a(iﬂ)), the function F' converges to zero, and as x
converges to any marked point a?, the function F stays bounded (one can for example use
Lemma 4.3) . This forces the function F' to be identically zero on all of D, which concludes
the induction step. ]
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